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Context:

� Numerical simulations as well as theoretical predictions
suggest extremely large generation of magnetic fields
(∼ 1018 − 1019G) in non-central HIC (arXiv:1509.04073).

� Such a strong magnetic field can have significant influences
on the quark gluon plasma properties like transport and
thermodynamic properties and may affect the QCD phase
diagram.

� A typical perturbative approach to study the influence of
the background field in the formalism of QFT requires
evaluation of Feynman diagrams.
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� Algorithm:
I Theory with Interaction (coupling) : defined by LQFT

I Order by order in coupling strength :

LQED & O(e2)

I Feynman Rules:

− e2
∫

d4k

(2π)4
Tr [γµSF (k)γνSF (k + p)]

� Background magnetic field modifies propagators!
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Propagators:

� E.O.M: 3+1 D analog of d
dt
∂L(qj ,q̇j)

∂q̇j
− ∂L(qj ,q̇j)

∂qj
= 0

� Scalars: (∂2t − ∂2x − ∂2y − ∂2z +m2)φ(x) = 0

� Position space propagator: G(x, x′) = G(x− x′):

(∂2t − ∂2x − ∂2y − ∂2z +m2)G(x− x′) = −δ4(x− x′)

� Fourier Transform:

δ4(x− x′) =

∫
d4p

(2π)4
e−ip·(x−x

′)

G(x− x′) =

∫
d4p

(2π)4
e−ip·(x−x

′)G(p)

� Momentum space propagator:

iG(p) =
i

p2 −m2
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� E.O.M for Fermions : (iγµ∂µ −m14×4)ψ = 0

� Momentum space propagator:

iSF (p) = i
γµpµ +m14×4

p2 −m2

� Fermion propagator with constant B along ẑ:

S̃(ω, pz;p⊥) = 2ie−p
2
⊥`

2
∞∑
n=0

(−1)nDn(ω, pz;p⊥)

ω2 − p2z −m2 − 2n|qB|

Dn(ω, pz;p⊥) = (γ0ω − γ3pz +m)
[
Ln(2`2p2⊥)P+

− Ln−1(2`2p2⊥)P−
]

+ 2(γ⊥ · p⊥)L1
n−1(2`

2p2⊥)

P± =
1

2

(
1± i sgn(qB)γ1γ2

)
` =

1√
|qB|

, Ln(x) = Laguerre polynomial
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The original work:

� Let us just compare the denominator of the propagator
with and without eB.

SF (p) =
γµpµ +m14×4

p2 −m2

S̃(ω, pz;p⊥) = 2ie−p
2
⊥`

2
∞∑
n=0

(−1)nDn(ω, pz;p⊥)

ω2 − p2z −m2 − 2n|qB|

� Pole of the propagator gives dispersion: eB = 0 is isotropic:
p2 = m2 → E2 − |p|2 = m2.
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Eigenvalue Problem:
� Solving Dirac Equation with eB 6= 0:

i
∂Ψ

∂t
= HBΨ (1)

HB = ~α · ~Π + βm , ~α = γ0~γ , β = γ0 (2)

αi = γ0γi =

(
0 σi
σi 0

)
4×4

(3)

β = γ0 =

(
1 0
0 −1

)
4×4

(4)

� Only change with ~A = (0, Bx, 0) :

~p→ ~p− q ~A→ ~Π = −i~∇− q ~A
� We can write plane wave solution as:

Ψ = e−iEt
(
φ
χ

)
4×1

(5)

7/15



� Explicitly we have

E

(
φ
χ

)
e−iEt =

(
m ~σ · ~Π
~σ · ~Π −m

)(
φ
χ

)
e−iEt (6)

(
Eφ
Eχ

)
=

(
mφ+ ~σ · ~Πχ

~σ · ~Πφ−mχ

)
(7)

� So we get two coupled equations

(E −m)φ = ~σ · ~Πχ (8)

(E +m)χ = ~σ · ~Πφ (9)

� But they can be easily decoupled!

(E +m)(E −m)φ = (~σ · ~Π)2φ (10)
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� We only need to evaluate (~σ · ~Π)2. Let us remind

Πi = −i ∂
∂xi
− qAi (11)

Π1 = −i ∂
∂x1

, Π2 = −i ∂
∂x2
− qBx1 , Π3 = −i ∂

∂x3
(12)

� (
~σ · ~Π

)2
= (Π)2 − qBσ3 (13)

((Π)2 − qBσ3)φ = (E2 −m2)φ

(14)

LHS,

[
− ∂2

∂x2
+ (i

∂

∂y
+ qBx)2 − ∂2

∂z2
− qBσ3

]
φ

=

[
−∇2 + 2iqBx

∂

∂y
+ q2B2x2 − qBσ3

]
φ (15)
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� The trial solution:

φ = ei(pyy+pzz)f(x) (16)

σ3 is 2× 2 matrix. So f(x) must be 2 component vector.
Now we write f(x) in eigen basis of σ3.

f(x) = F+(x)

(
1
0

)
+ F−(x)

(
0
1

)
(17)

−d
2Fs
dx2

+ (py − qBx)2Fs − (E2 −m2 − p2z + sqB)Fs = 0

� Now we change the variable.

ξ =
√
|qB|

(
py
qB
− x
)

(18)
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� The final equation:[
d2

dξ2
− ξ2 + as

]
Fs = 0 (19)

where as = 1
|qB|(E

2 −m2 − p2z + sqB).

� Textbook by David J. Griffiths
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� Textbook by David J. Griffiths

� as = 1
|qB|(E

2 −m2 − p2z + sqB) = 2l + 1, l ≥ 0.

E2 = m2 + p2z − sqB + (2l + 1)|qB|
= p2z +m2 + [(2l + 1)− s sgn(qB)] |qB|
= p2z +m2 + 2n|qB| (20)

� Landau Levels:

n = l +
1

2
− s

2
sgn(qB)
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� Fermion propagator with constant B along ẑ:

S̃(ω, pz;p⊥) = 2ie−p
2
⊥`

2
∞∑
n=0

(−1)nDn(ω, pz;p⊥)

ω2 − p2z −m2 − 2n|qB|
(21)

Dn(ω, pz;p⊥) = (γ0ω − γ3pz +m)
[
Ln(2`2p2⊥)P+

− Ln−1(2`2p2⊥)P−
]

+ 2(γ⊥ · p⊥)L1
n−1(2`

2p2⊥)

P± =
1

2

(
1± i sgn(qB)γ1γ2

)
` =

1√
|qB|

(22)

� eB 6= 0→ Landau Quantization!
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Take Home
� For eB 6= 0, the Fermion propagator is complicated with

sum over infinite Landau levels.

� eB brings anisotropy.

� Dispersion shows angular dependence:

ω2 − p2 −
[
fg+gh(ω, |p|, T ) + fq(ω, pz, |p2

⊥)|, eB, T )
]

= 0
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� arXiv: 2204.09646 (one loop HTL+LLL )
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Thank You
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