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which ¢ is a Banach space. In this paper, we study the properties of positive operators on ¢y which
are similar to those of positive operators in classical functional analysis; however the proofs of many
of the results are nonclassical. Then we use our study of positive operators to introduce a partial
order on the set of compact and self-adjoint operators on ¢y and study the properties of that partial
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1. INTRODUCTION

Two of the most useful and interesting mathematical theories in real or complex functional analysis
have been Hilbert spaces and continuous linear operators. These theories have exactly matched the
needs of many branches of physics, biology, and other fields of science.

The importance of Hilbert spaces over the real or complex fields has led many researchers to try
and extend the concept to non-Archimedean fields. One of the first attempts to define an appropriate
non-Archimedean inner product was made by G. K. Kalisch [2]. Two of the most recent papers about
non-Archimedean Hilbert spaces are those of L. Narici and E. Beckenstein [3] and the authors [1]. They
define a non-Archimedean inner product on a vector space E over a complete non-Archimedean and
non-trivially valued field K as a non-degenerated K-functionin £ x F, which is linear in the first variable
and satisfies what they call the Cauchy-Schwarz type inequality. Recall that a vector space F is said to
be orthomodular if for every closed subspace M of E, we have that E is the directed sum of M and
its normal complement. The existence of infinite-dimensional non-classical orthomodular spaces was
an open question until the following interesting theorem was proved by M. P. Solér [7]: "Let X be an
orthomodular space and suppose it contains an orthonormal sequence ey, e, --- (in the sense of the
inner product). Then the base field is R or C”. Based on the result of Soler, if K is a non-Archimedean,
complete valued field and £ (¢p) is the space of all continuous linear operators on ¢y, then there exist
T € L (cp) which does not have an adjoint. For example, T' (z) = (>_;2, x;) €1 is such a linear operator;
on the other hand, the normal projections (see the definition below) admit adjoints.
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POSITIVE OPERATORS 123

Throughout this paper, we will use the following notations: Given a valued field (K, | - |) and a subset
B of K, we denote by |B| the set {|z| : z € B}. Moreover, given a normed K-vector space E and a
subspace F of E, we denote by || F|| the set {||z]| : x € F'}.

In this paper, we consider the complex Levi-Civita field € as K; in €, we take the natural involution
z — z (complex conjugation) when defining an inner product on ¢q. Recall that a free Banach space
is a non-Archimedean Banach space for which there exists a family (e;);c; in E'\ {0} such that any
element x € E can be written in the form of a convergent sumz = >, _; wie;, x; € K ie., limser x5 =
0 (the limit is with respect to the Fréchet filter on I') and ||z|| = sup;c; [2;] ||e;]| . The Tamily (e;),c; is
called an orthogonal basis. Now, if E is a free Banach space of countable type over €, then it is known
that F is isometrically isomorphic to

co (N,C,s) == {(a:n)neN tan € € lim fay|s(n) = 0}7

where s : N — (0,00) . Of course, it could be that, for some i € N, s (i) ¢ |C\ {0}|. But, if the range of
s is contained in |C \ {0}, it is enough to study ¢ (N, €) [taking s to be the constant function 1], which
will be denoted by ¢(C) or, simply, cy. We already know that ¢ is not orthomodular.

In a previous paper [1], we characterized closed subspaces of ¢y with a normal complement; that is,
we characterized those non-trivial closed subspaces M which admit a non-trivial closed subspace N
such that

a. cg=M ® N, and
b. forx € M andy € N, (z,y) = 0.
N is actually the subspace MP = {y € ¢y : (x,y) = 0forallz € M} and then ¢ = M & MP. Such a

subspace, together with its normal complement, defines a special kind of projection, the so-called normal
projection; that is, a linear operator P : ¢y — ¢ such that

i. P is continuous;
ii. P?=P;
iii. (z,w) =0,forallz € N (P)andforallw € R(P).

Actually these concepts are not exclusive to cg; if E is a vector space with an inner product, then
“normal complements” and “normal projections” have similar meaning.

Throughout this paper R (resp. €) will denote the real (resp. complex) Levi-Civita field; for a detailed
study of R (and €), we refer the reader to [5, 6] and the references therein. Any z € € (resp. R) is
a function from Q into C(resp. R) with left-finite support. For w € R (resp. €), we will denote by
A (w) = min (supp (w)), forw # 0, and A (0) = +oo. On the other hand, since each z € € can be written
as z = x + iy, where z,y € R, we have that A (z) = min {\ (z), A (y)} . [ we define

e M2 iz £0
‘Z| = ’
0 ifz=0

then |-| is a non-Archimedean absolute value in €. It is not hard to prove that (€, A), where A is the
metric induced by |-|, is a complete metric space. Now let z = x + iy in € be given. [f  # 0 # y then

2] = e M3 = o~ minA@AD} = pax {e_)‘(z), e—My)} = max {|z], |y} .
We can easily also check that |z| = max{|z|,|y|} when z = 0 ory = 0. Thus,
|z| = max {|z|, |y|} forall z =z 4 iy € C.

In other words, € is topologically isomorphic to R? provided with the product topology induced by |-| in
R.
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124 AGUAYO et al.

We denote by ¢ (€), or simply g, the space

co = {z = (Zn)nen : 2n € €; lim 2z, = O}.

n— o0

A natural non-Archimedean norm on ¢ is ||z||,, = sup{|z,| : n € N}. Writing 2, = z,, + ty,, and
T = (Tn)neN, ¥ = (Yn)nen, We also have the equality

12l oo = max {2l , 19/l } -

It follows that (co, ||-||,,) is @ Banach space. For a detailed study of non-Archimedean Banach spaces,
in general, we refer the reader to [8].

Recall that a topological space is called separable if it has a countable dense subset. In the class
of real or complex Hilbert spaces, we can distinguish two types: those spaces which are separable and
those which are not separable. If F is a separable normed space over K, then each one-dimensional
subspace is homeomorphic to K, so K must be separable too. Nevertheless, we know that there exist
non-Archimedean fields which are not separable, for example, the Levi-Civita fields R and €. Thus,
for non-Archimedean normed spaces the concept of separability cannot be used if K is not separable.
However, by linearizing the notion of separability, we obtain a generalization, useful for each non-
Archimedean valued field K. A normed space E over K is said to be of countable type if it contains
a countable subset whose linear hull is dense in E. An example of a normed space of countable type is
(co(K), |||l ) , for any non-Archimedean valued field K, in particular, when K is the complex Levi-Civita
field C.

Let us consider the following form:
(-,) 1co X cg— C; (z,w) = Zznwn.
n=1

This form is well-defined since lim,,_,~ z,w, = 0 and, at the same time, (-, -) satisfies Definition 2.4.1,
p. 38, in [4].
Let
2]l == V/I{z, 2)I.
Then, since |2| = 1, ||-|| is a non-Archimedean norm on ¢o (Theorem 2.4.2 (ii) in [4]).
[t follows easily that
(x,y) =0,Vy€coy=2=0

which is referred to as the non-degeneracy condition.

The next theorem was proved in [3] and tells us when the non-Archimedean norm in a Banach space
is induced by an inner product.

Theorem 1.1. Let (E, ||||) be a K-Banach space. Then, if | E|| C |K|*? and every one-dimensional
subspace of E admits a normal complement, then E has, at least, an inner product that induces
the norm ||-|.

If E = ¢y and K = €, then the conditions of the theorem above are satisfied. In fact, if z € ¢y, 2 # 0,
then lim,, ,+, z, = 0, which implies that there exists j, € N such that

2]l = max {[z] : j € N} = |z,] € [C].

1/2 1/2

Now, since |C] C |C]7/7, ||eo|| C |€]"/7. The other condition is guaranteed by Lemma 2.3.19, p. 34 in [4].

It was proved in [1] that (-, -) is one of the inner products that induce the ||-||, norm on cy. Such a
result was guaranteed thanks to the following lemma which will be useful also in this paper.

Lemma 1.2. /f {z1,29, -+ ,2,} C C, then

|z121 + 2220 + -+ + 2n2n| = max {|z121], |2222], -+, |2n2nl } -
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POSITIVE OPERATORS 125

Definition 1.3. A subset D of ¢y such that for all x,y € D, © # y = (x,y) =0, is called a normal
family. A countable normal family {x,, : n € N} of unit vectors is called an orthonormal sequence.

If A C cp, then [A] and ¢l [A] will denote the linear and the closed linear span of A, respectively. If M
is a subspace of ¢y, then MP will denote the subspace of all y € ¢ such that (y,z) = 0, for all x € M.
Since the definition of the inner product given in [4], p.38, coincides with the definition of inner product
given here, the Gram-Schmidt procedure can be used.

Theorem 1.4. I (z,),cy iS a sequence of linearly independent vectors in co, then there exists an
orthonormal sequence (y,), oy Such that [{z1,--- , 2z} =[{y1, - ,yn}] Jor everyn € N.

Lemma 1.5. If (z,)nen is an orthonormal sequence in cy, then (zp)nen is orthogonal in the van
Rooij’s sense (see [8] p. 57).

[f £ and F' are normed spaces over K, then £ (E, F) will be the normed space consisting of all
continuous linear maps from E into F. £ (E,K) will be denoted by E’ and £ (E, E) will be denoted
by L (E). ForaT € L (E,F), N(T) and R(T) will denote the Kernel and the range of T', respectively.
It is well-known that the dual of ¢y is ¢, = 1°°, where [°° denotes the space of all bounded sequences of
elements of C.

Definition 1.6. A linear map T from E into F is said to be compact if, for each e > 0, there exists
a continuous linear map of finite-dimensional range S such that ||T — S|| < e.

Any continuous linear operator u € £ (¢g) can be identified with a bounded infinite matrix whose
columns converge to 0:

Q11 Q12 013t Qo

Q21 Qigg Qi3 * - Qigj -

Q3] (32 Q33 - Qg
[u] =

Qi1 Quy2 Q3 Qe

N A

0 0 0 0

Definition 1.7. A linear operator v : ¢y — cq is said to be an adjoint of a given linear operator
u € L(co) if (u(x),y) = (z,v(y)), for all x,y € cp. In that case, we will say that u admits an
adjoint v. We will also say that v is self-adjoint if v = u.

In[1] we showed that if a continuous linear operator u has an adjoint, then the adjoint is unique and
continuous.

Lemma 1.8. Let u € £ (co) with associated matrix (e ;), ;e - Then, wadmits an adjoint operator
vifandonly if lim;_, oy = 0, for each i € N. In terms of matrices, this means that

Q1] (12 O£13-~-a1j..._>0

Qo1 Qo 93 o+ g o — 0

a3l (32 a33---a3j..._>0
[u] =

Qg1 OG22 OG3 Qij e -0

SR TR R
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126 AGUAYO et al.

In the classical Hilbert space theory, any continuous linear operator admits an adjoint. This is not
true in the non-Archimedean case. For example, the operator u € £(cp) given by the matrix:

b b2 pd ... b ...
oo0oo0 ---0 ---
oo0oo0 ---0 ---
00O 0

with 1 < [b|, does not admit an adjoint, by Lemma 1.8.

The following theorem (proved in [1]) provides a way to construct compact and self-adjoint operators
starting from an orthonormal sequence.

Theorem 1.9. Let (y;),cy be an orthonormal sequence in co. Then, Jor any X = (X\;);cy in co Such
that \; € R, themap T : co — ¢ defined by

T()=> NPi(),
i=1
where P; () = <§le;3> yi, is a compact and self-adjoint operator.

The converse is also true, as the following theorem shows.

Theorem 1.10. Let T : ¢y — ¢ be a compact, self-adjoint linear operator of infinite dimensional
range. Then there exists an element X\ = (\,),cy € co (R) and an orthonormal sequence (yYn)nen
incg such that

T = Z )\nPna
n=1
where
<Jyn>
Pn = Yn
(Yn> Un)

is a normal projection defined by y,,.

The uniqueness of the element (A,)nen of co(R) in Theorem 1.10 is shown by the following
proposition, also proved in [1].

Proposition 1.11. LetT =>">° | A, <z</;y52>y” be a compact and self-adjoint operator and let ;1 # 0

in Cbe an eigenvalue of T. Then p = A, for some n.

We use Ay, Aq, and Asg to denote the following closed subsets of £ (¢p):
Ao = {T € L (¢p) : T has an adjoint} ;
Ay = {T € Ap : T'is compact};

Ay = {T €A :T=T"}={T € L (cy) : T is compact and self-adjoint} .

In this paper, we will study the properties of positive operators on ¢y(€), obtaining results that are
similar to those from classical functional analysis but many of which have non-classical proofs. Then we
will use our study of positive operators to introduce a partial order on Ay and study the properties of that
partial order.
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2. POSITIVE OPERATORS

We recall that the Levi-Civita R is a totally ordered field. The order on R is defined as follows: x > 0
if and only if z = 0 or[z # 0 and x [\ (z)] > 0].

Definition 2.1. ForT € Ay, we say that T is positive and writeT > 0if (Tx,z) € Rand (Tx,z) > 0
forall x € ¢y(C).

Lemma 2.2. Let T € A; be positive. Then T is self-adjoint; that is T € As. Moreover, all eigen-
values of T are in R and non-negative.

Proof. Forall z,y € ¢o(C) we have that

(Ta,9) = | {T (@ + ), + ) — (T~ y), 2~ y)]
+ (T +iy) x+iy) — (T(x — iy),x — iy)
and
(Ty2) = |, (T + )2 +9) ~ (T ),z ~ )]

4
= W@ +iy) o +iy) —(T(z —dy),z — iy)].

Since T' > 0Oit follows that (T'(z + y), z + y), (T'(x — y),z — y), (T'(x + iy), z + iy) and (T'(x — iy),x

iy) are all (non-negative) elements of R. Thus, for all z,y € ¢o(€) we have that (Ty,z) = (Tz,y) =

(y, Tz); and hence (y, T*z) = (y, Tz) forall x,y € ¢o(C). Thus, given x € ¢y(€), we have that

(y,(T* —T)x) = 0forally € c(C).
[t follows, in particular, that
(T* = T)z,(T* — T)x) = 0, and hence (T — Tz = 0.

This is true for all z € ¢(€). Thus, T* — T = 0,orT* =T.
Now let A be an eigenvalue of 7" and let v € ¢¢(€) be a corresponding eigenvector. Then (T, v) € R
and 0 < (Tw,v) = (\v,v) = A(v,v). Since (v,v) > 0, it follows that A € Rand A > 0.

The proofs of the following two lemmas are straightforward; therefore, we only state them without
proof here but we note that, for the proof of Lemma 2.4, we need the fact that if T € Ay then T € A4 [1]
and hence T'T* and T*T are both elements of A;.

Lemma2.3. Let S, T > 0in Ay and a > 0in R be given. Then aS +T > 0.
Lemma 2.4. Forall T € Ay, both TT* and T*T are positive.

Proposition 2.5. Let T € Ay be positive. Then
(T, 9)|* < (T, )| (Ty, y)]

Lzl = e forz € €.

forallz,y € c(C),

Proof. Let z,y € ¢o(C) be given. First assume that (T'z,y) € R. Then for all A € R we have that (since
T >0):

0<(T(x+ Ay),z+ \y)

= X(Ty.y) + A(Tz,y) + (Ty, )] + (T, )

= \X(Ty,y) + \(Tx,y) + (y, Tx)] + (Tx,z) since T is self-adjoint
= N (Ty,y) + M(Tz,y) + (Ta,y)] + (T, )

= \{(Ty,y) + 2\ (Tz,y) + (Tz,z).
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Note that A2(T'y, y) + 2\(T'z,y) + (Tx, z) is a quadratic expression in A with coefficients in R; and since
this is > O for all A € R, it follows that

(Tz,y)* — (T, 2)(Ty,y) < 0.
Hence (Tz,y)? < (Tx,z)(Ty,y), from which we get
(T, 9)?| < (T, 2)(Ty, )], or [(Ta, ) < (T, 2)| [Ty, y)]
Now assume that (T'z,y) € C\ R; and write (T'z,y) = a + i3, 5 # 0. Then

a . B

(Tz,y) = Va2 + 2 \/a2+,82+z\/a2+,82

Let

1= “ —1 P
Varep a2+

Then (T'zy,z1) = (T'x, x) and
o _ B
Va5 a4 52

is in R, where |- |, denotes the ordinary modulus in €. By the above, it follows that (T'z{,y)? <
(Tz1,21)(Ty, y). Hence

(Twy,y) = [ (T, y) = Va2 + B2 = (T, y)l,

(T, y)[2 < (T, x)(Ty,y) = (T, z)(Ty, y)lo-
It follows that [(Tx,y)|> < (T, 2){(Ty,y)| = (Tz,z)|[(Ty,y)|.

Theorem 2.6. For T € Ay, the following are equivalent:

1. T>0.

2. T is self-adjoint; and all of its eigenvalues are in R and non-negative.
3. There exists S > 0in Ay such that T = S2.

4. There exists S € Aq such that T = S*S.

5. There exists M € Ay such thatT = MM*.

Proof. (1) = (2): This follows from Lemma 2.2.

(2) = (3): Assume (2) is true. Since 7" is compact and self-adjoint, then by Theorem 10 in [1] there
exist (An)nen € co(R) and an orthonormal sequence (y,,),,c of elements y,, € co(€) such that

TZ)\

n=1

(Yn, yn

For each n € N, we have that A, is an eigenvalue of T [1]; and hence A, € R and A,, > O foralln € N.
Let S : ¢o(€) — ¢o(€) be given by

S = Z\/)\

Then S is compact and self-adjoint, by Theorem 8 in[1]; and hence S € A;.

yn,yn>
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We show that § > 0and S%2 = T For all z € ¢o(€), we have that

(S, 2) ZW (2 4n) (o ZW o n) T 0n) 5 g

Y Yn) (Yns yn)
Hence S > 0. Also, forall x € CO(G) we have that

Sa=$ <Z” oy ) Z” WAELS
(x, Yn) (T, yn)
_Z\/)\ Ynis Un) (\//\" ") Z)\ (Yn> Yn) tn = T2

n=1

Hence S%2 = T.

(3) = (4): Assume there exists S > 0in A; such that T = S2. Then S is self-adjoint by Lemma 2.2.
Thus, S = S* and hence T = 5% = S5 = §*8S.

(4) = (5): Assume there exists S € A such that T'= S*S. Let M = S*. Then M € Ay and M* =
S. Thus, T = S*S = MM*.

(5) = (1): This follows from Lemma 2.4.

Remark 2.7. Let T and S be as in Theorem 2.6: T > 0and S > 0in A, such that T = S?. Then S is
unique. We say that S is the positive square root of T and write S = \/T.

Proof. Let M >0 in A; be such that M? = §? = T. We will show that M = S. Since S > 0 and
M > 0, there exist (7n)nen, (4n)nen € co(R) and orthonormal sequences (Yn),,cn > (2n) ey Of elements
Yns 2n € co(C) such that

yn <'7 Zm>
S = Znn Yo ) yn and M = Z m<zm7zm>zm
with n,, > 0 forall n and p,,, >0 for all m. Then

n=1 ynyyn ZT)’MZ’H'L

Note that Tz; = p2z;. Hence z; is an eigenvector of T with eigenvalue p2. Thus, u? = n2 for some n,
by Proposition 6 in [1]. Without loss of generality, we may assume that 2 = n? and hence p; = 1. Let
A= p% = 17% and let ny be the dimension of the eigenspace F; of T' corresponding to A;. Again, without
loss of generality, we may assume that By = [y1,92, ..., Yny] = [21, 22, -+ - s Zn4 -

Continuing inductively, we get

mo ](l) ng <,zl
(S ) S (S 5.

]l<y]7y] ]1(]7]

where \; > 0forl =1,2,... and \; # A for [ # k; and the corresponding eigenspace
E, = [ygl),yg),...,y,%)] = {zy),zg),.. zq(fl)} [t follows that

00 ny < o) ng <" Z](l)
S = Z\/)\l (Z y(l)> a)) =3 Vn ( 0 u>>2§-”) = M.
777

J 1<y](

Proposition 2.8. letT > 0in Ay and let S = VT. Then
S| = (1712,
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Proof. Since T' > 0, there exist (A )nen € co(R) and an orthonormal sequence (yy),,cy of elements
Yn € co(C) such that

— ., (¥n)
T = )\n )
nz::l (Yn> Yn)
where A, > 0 for all n. It follows that
O (s Un)
S = An n
2 VA

By Remark 4 in[1], we have that | || = ||(\,)]| = max,en [An|. Similarly,

1/2
181 = 1A = mase { Al 2} = [mac )] = IO = 712

Proposition2.9. Let T > 0in Ay and x € ¢(C) be given. Then (Tx,x) = 0if and only if Tx = 0.

Proof. 1f Tx = 0 then (T'xz,z) = 0 by definition of the inner product. Now assume (T'z,z) = 0. Then,
since T > 0, there exists S € A; such that T' = S*S, by Theorem 2.6. Thus, (S*Sz,z) = 0, and hence
(Sx,Sx) = 0, from which we get Sx = 0. It follows that Tx = S*Sx = S*0 = 0.

Corollary 2.10. Let T > 0in Ay. Then (Tx,x) =0 for all x € ¢o(C) if and only if T = 0.

Proposition 2.11. Let T > 0in Ay, let S = /T, and let R € A, be given. Then TR = RT < SR =
RS.

Proof. (<): Assume SR = RS. Then
RT = RS? = (RS)S = (SR)S = S(RS) = S(SR) = S?R =TR.
(=): Assume that TR = RT. We show that SR = RS. Write T"and S as in the proof of Remark 2.7:

S R
T=> M| X 0 (z)>yj

j=1\Y; " Y;
00 LIS y(»l)
_ 17 O]
§=2 VA OISO
j=1 <yj Y, )
Now let z € ¢o(€) be given. Then from TRx = RT'z, we get
Ra: y( M (x y
ZAZ Z r yth Z)\l Z g el (2.1)
] 1 < ] 7y] > = : J 7 ] >

But from TRy](-l) = RTy(l), we get that TRy](-l) = AlRy(l), which shows that Ryj(.l) € E;, where E; =

y%l),yél), . ,y,ﬁ?] is the eigenspace of T' corresponding to the eigenvalue A;. It follows then from
Equation (2.1) that
" (Rz, y](l)> 0 & <$7y]('l)> 0
Z @ anYi _Z o o (2.2)
7j=1 (y] 7y] > j=1 <y] 7y] >
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for each { € N. Hence

(Ra y]( )
SRfL‘—Z\/Al Z< > Z\/Al Z<(z @y )

" () o)
J _
Z VA Z OENONZ] = RSz,
=1 j=1 <yj Y, )

where in the second equality we made use of Equation (2.2). This is true for all z € ¢y(C); hence
SR = RS.

Proposition 2.12. et S, T € A, be positive. Then ST >0« ST =TS.

Proof. (=): Assume that ST > 0. Then ST is self-adjoint by Lemma 2.2. It follows that
ST =(ST)" =T*S* =TS8,
since T"and S are both positive and hence self-adjoint.

(«): Assume ST = T'S. Let N = /T. Applying Proposition 2.11, we have that NS = SN. Now let
x € ¢o(C) be given. Then

(STz,x) = (S(NN)x,z) = (SN)Nz,z) = (NS)Nz,x)
= (N(SN)z,z) = (SNz,N*x) = (S(Nzx),Nz) > 0,
since S > 0. Hence ST > 0.

Proposition 2.13. et T € As be given. Then there exist unique positive operators A, B € Ao such
thatT = A— Band AB = BA=0.

Proof. Since T is compact and self-adjoint, there exist (A, )nen € co(R) and an orthonormal sequence
(Un)pen OF elements y, € ¢p(€) such that

= Wnn
Thus,
- (- Yn) > (- Yn)
T An Yn + An Yn
Z <ym n> Z <ymyn>
n=1 n=1
An >0 An <0
S (s Yn) - (s Yn)
Z (YnsYn) Z ( )<ymyn>
n=1 n=1
Anp >0 An <0
=A-B
where
A= Z )\n <.7yn> ynandB i ( A ) <7yn> -
(Yn» Yn) (Yn, Yn)
n=1 n=1
An >0 An <0
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are both positive by Theorem 2.6 since they are both self-adjoint and have positive eigenvalues. That
AB = BA = 0 then follows from the fact that the sequence (y;),,cy is orthonormal: Let 2 € ¢o(€) be
given. Then

e}

(z,yn)

Z ( )(ymyn> (5n)
n=1
An <0

- @) | =\ Wnw)
Z ( )(ymyn> Z ORI
n=1 =1
An <0 A >0

Hence AB = 0. A similar calculation as above or application of Proposition 2.12 show that BA = 0 too.

Finally, to show the uniqueness of A and B, assume that T'= A; — By with A; and B; positive
operators in Ay and A; By = B1A; = 0; we will show that A; = A and B; = B. Since A; > 0 and since
By 2 0, then there exist (ai)ien, (85)jen € co(R) and orthonormal sequences (1), and (z;) ¢y of

elements 27, z; € co(€) such that oy > Oforalll € N, ; > 0forall j € N,

— () — o (7))
Al = o x;and By = B Zi.
' ; (w1, 1) ' ; ez

Fix lp € N. Then
1
Ta:lo = (Al — Bl) :L’lo = Almlo — lelo = OélOIL’lO — Bl (a Alxlo>

lo
1

o,

= QT — BlAl ( ZL‘10> = Oy Ty, since BlAl = 0.

This shows that oy, is an eigenvalue of T; and hence qy, is equal to some A,, > 0 by Proposition 6 in[1].
Similarly we show that, for each j € N, —j; is equal to some A,, < 0. It follows that

{og:1eN}={\,:neN X, >0} and {—p; : j e N} ={\, :ne N\, <0}.
Using an argument similar to that of the proof of Remark 2.7, it then follows that A1 = A and B; = B.
Remark 2.14. Let T, A and B be as in Proposition 2.13 above. Then |T|| = max {||A]| , || B||}

Proof. As in the proof of Proposition 2.13 above, write

= <7yn> — <'7yn>
T= >\n Yn — _>\n yn:A_B
n=1 n=1
Ap >0 An <0
Then using the fact that
|IT|| = max |A,|, [|A|| = max |A,|, and || B|| = max | — A,| = max |A,],
neN n €N n €N n €N
An >0 An <0 An <0

it follows that ||7"|] = max {|| 4|, || B||}
Proposition 2.15. Theset P :={T € Ay : T > 0} is closed in As.
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Proof. LetT € P. Then there exists a sequence {7, } in P such that lim,,_,, T,, = T. Since
(Ta,y) = lim (Tyz,y) = lim (z,Ty) = (z,Ty),

forall z,y € ¢p(C), T is self-adjoint. That 7" is compact follows from the fact that the space of compact
operators is closed in £(cp). Hence T' € Ay. To show that T" € P, it remains to show that 7" > 0. So let
x € ¢o(C) be given. Then

(Tz,x) = li_>m (Thx,x) >0,

since (T,,xz,x) > 0 foralln € N(T,, > 0).

Remark 2.16. Given a = (ay,aq,...) € ¢, then M, is the operator defined by

)= aile)e
j=1

Note that the operator ® : co — {M, : a € ¢y} defined by ® (a) = M, is a linear isometry. More-
over,

o0
My, o M, ( Za] x,ej)e Za] x,e;) My (ej)
7j=1

:Z (x,ej) bje; = Za] (x,ej5)e
So, if we define ab = (a1b1, asbs, . . .), then My o M, = My,

Using Theorem 2.6, we readily obtain the following result.

Proposition 2.17. Let a = (a;)jen be given. Then M, > 0 if and only if a; € R and a; > 0 for all
jeN.

Remark 2.18. By virtue of Proposition 2.17, we say, for a = (a;)jen in co that a is positive and

writea > 0ifa; € Rand a; > 0 for all j € N. Then it follows from our work on positive operators
above that

1. a>0incy= thereexists a unique b > 0in cq such that a = bb; and

2. a € ¢p(R) = there exist unique b,c > 0in co(R) such thata =b—candbc=cb=0

The proof of (1) and (2) follows from the facts that a > 0 if and only if M, is positive and a € ¢o(R) if
and only if M, € As, and from using Theorem 2.6 and Proposition 2.13 and their proofs.

3. PARTIAL ORDER ON A,

In this section we introduce a relation on A,, we show it is a partial order and we study some of its
properties.

Definition 3.1. Ffor S,T € As, wesaythat S > T (orT < S)if S—T > 0inthe sense of Definition
2.1.

Proposition 3.2. The relation > in Definition 3.1 defines a partial order on As.
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Proof. The reflexivity and transitivity of > are straightforward. To show that > is antisymmetric, let
S, T € Ay besuchthat S >Tand T > S. Then S —T7 >0and T'— S > 0. Thus, for all z € ¢y(C) we
have that ((S — T)x,z) > 0 and ((T — S)z,x) > 0, from which we get

(S —=T)x,z) =0forall x € ¢o(C).

Thus, by Corollary 2.10, S — T = 0 and hence S = T'.
That the order is not total is shown by the following example.

Example 3.3. Let S, T € As be the operators given by the matrix representations

010 --- 020 ---
[S] = and [T) =
000 --- 000 ---
Then
100 - ~100 -
0-10 - 010 -
[S—T]= and [T — S| =
00 0--- 0 00 ---

Since both S —T and T — S have a negative eigenvalue (-1), it follows from Theorem 2.6 that
neither S —T > 0norT — S > 0 and hence neither S > T norT > S.

The following result follows immediately from Lemma 2.3 and Definition 3.1; so we state it without
proof.

Proposition3.4. IfS>T andU >V in Ayandifa > 0inRthen S+U >T +V, aS > oT, and
-T > -S.

However, the following example shows that, for R, S, T € Aj,
R>0andS>T 4 SR >TR.

Example 3.5. Let R, S, T € Ay be the operators given by their matrix representations:

000 - 2 —10 - 100 -
010 - ~1 10 - 000 -
[R] = , 18] = , [T1=

Then R > 0 by Theorem 2.6. Moreover, S — T, given by the matrix representation

1 =10 -
[S_T]: )

is positive since, for all x € c¢y(C), we have that

(S =Tz, z) = z1(x1 — 22) + 222 — 1) = |21|> — T122 — TT| + |22|2
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= |z1]2 — 2R (z122) + |22[2
> |z1)2 = 2Jz1]o|22lo + |22|2 = (|71]o — |22]0)* > 0,

where, for z = a+ i € C, R(z) = awdenotes the R-part of the C-number z. However,

0-10 -
010 -
[SR] = and [TR] = 0.
00 O0---
Thus,
0-10---
010 ---
00 0 ---

and hence SR — TR # 0since it is not self-adjoint. It follows that SR # TR.

Proposition 3.6. Let S,T € Ay be given. Then S > T if and only if (Sz,x) > (Tx,z) for all
x € ¢p(C).

Proof. First note that, since S, T" and S — T are seli-adjoint (being elements of As), we have that
(Sz,x), (Tx,x) and (S — Tz, z) are elements of R for all z € ¢¢(C). Thus,
S>T&S-T2>0
< (S —=T)x,x) > 0forall z € ¢(C)
& (Sx,x) — (Tx,z) > 0forall x € ¢o(C)
& (Sx,x) > (T, x) forall z € ¢y(C).

Proposition 3.7. Let S,T € Ay be such that S >T > 0. Then ||S|| > ||T.

Proof. Since S,T € Aa, there exist (an )nen, (Bn)nen € co(R) and orthonormal sequences (y,),, oy and
(2n) ey Of elements y,,, 2, € co(C) such that

+Yn) Z)
S Zan Yn, n ynandT ZIBJ Z]7Z]> 7

with a, > Oforalln € N, B; > Oforall j € N,

151 = max |a|, and [|T| = max 5] .
JjeN

Fix j € N. Since S > T we have by Proposition 3.6 that (Sz;, z;) > (T'%;, zj), and hence

Z (077} <<;ZL’ ZZ>> (yna Zj> > ﬁj <Zj7 zj>;

n=1

that is,

e} ) 2

n=1
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It follows that
1851 = 1Bi (25, )l

o] 2 2
(25, yn) (25, yn ),
< E o = n
= (YnsUn) neN (YnsYn)
[ER7S1E 2
= max | = max |« Zi,

< max lan | [(25, 25)] [{Yn> yn)| (Cauchy-Schwartz Inequality)
ne
— max || = ||S]]
neN
Thus, |8;] < ||S]| forall j € N; and hence ||T'|| = maxjen |5;] < ||S]]-
Corollary 3.8. Let S,T € Ay be suchthat S <T < 0. Then ||S|| > ||T.

Proof. Since S < T <0, it follows from Proposition 3.4 that —S > —T > 0. Hence, by Proposition 3.7,
we obtain that || — S|| > || — T'||; thatis, ||S|| > |||l
Proposition 3.9. Let S > T in Ay and let R € Ay be given. Then
R*SR > R*TR.

Proof. First note that R*SR and R*T'R are both self-adjoint since S and T are. Thus, R*SR, R*TR €
As. Now let z € ¢(C) be given. Then

(R"SR— R'TR)x,x) = (R*(S —T)Rx,z) = (S — T)Rx,Rx) > 0
since S — T > 0. Thus R*SR — R*T'R > 0, and hence R*SR > R*TR.

Remark 3.10. As a follow-up to Remark 2.18, we can introduce a partial order on co(R) (which is
isometrically isomorphic to Ay [1]) as follows: for a = (a;)jen and b = (bj);en in co(R), we say
thata >bifa—0b>0; thatis, if aj —b; > 0 for all j € N (or equivalently a; > b; for all j € N.)
Then a > bin cy(R) if and only if My > My in As.

We finish the paper with the following result which gives equivalent conditions for two normal
projections Py, P, € Az to be related by the order relation defined above (Definition 3.1).

Theorem 3.11. Let Py, P, € As be normal projections and let My = R (Py) and My = R (P,). Then
the following are equivalent.

(1) P> Py

(2) My 2D M;y;
(3) P =Py
(4) PP, = P.

Proof. (1) = (2): Assume that P, > P;. Then (Pyx,x) > (Piz,z) for all x € ¢p. Since P; and P; are
normal projections (hence idempotent and seli-adjoint), it follows that
(Pox, Pox) = (Pyx,x) > (Piz,z) = (Piz, Piz) for all z € ¢o.
Now let z € M; be given. Then Pyz = z and hence it follows that
(x,z) = (Pix, Pix) < (Pyz, Pox) < (z,x);
and hence

(x,z) = (Pox, Pox).
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Using the Pythagorian Theorem, it follows that
(x — Pyx,x — Pyx) = 0; and hence Py = x.

This shows that z € Ms. Thus, My C Ms.
(2) = (3): Assume that My C M,. Let z € ¢y be given; then Pz € M; and hence Pz € M. It
follows that

PgPla: = Pg(Plx) = Pla:.
Since this is true for all 2 € ¢y, it follows that
PP =P

(3) < (4): This follows from taking adjoints of the left- and right-hand sides of the last equation
above.
(4) = (1): Assume that Py Py, = P;,. Then P,P, = P, too. Let x € ¢ be given. Then

(Pyz,x) — (Piz,2) = (P, x) — (PP, x) = (P (I — Pr)w,x).
Since Py and P, commute, so do Pyand I — Py. Let P = Py(I — Py); we show that P2 = Pand P* = P
and hence P itself is a normal projection. Thus,
P? = (PR,(I—-P))(P(I-P))=P,(I—P)?’Py=P,(I—P)P,=P(I—-P)
= P,(I—-P)=P;

and
(R(I-P))'=(I-P)'PE=(I-P)Ph=PI-P)=P
Thus, it follows that P is a normal projection. Therefore,
(Pyx,x) — (Pix,x) = (Px,z) = (Pz, Px) > 0; and hence (Pyz,x) > (Pix,x).
Since the last equation holds for all x € ¢, it follows that Py > P;.
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