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Abstract—The Levi-Civita field R is the smallest non-Archimidean ordered field extension of
the real numbers that is real closed and Cauchy complete in the topology induced by the order.
In an earlier paper [13], a measure was defined on R in terms of the limit of the sums of the
lengths of inner and outer covers of a set by countable unions of intervals as those inner and outer
sums get closer together. That definition proved useful in developing an integration theory over
R in which the integral satisfies many of the essential properties of the Lebesgue integral of real
analysis. Nevertheless, that measure theory lacks some intuitive results that one would expect in
any reasonable definition for a measure; for example, the complement of a measurable set within
another measurable set need not be measurable. In this paper, we will give a characterization for
the measurable sets defined in [13]. Then we will introduce the notion of an outer measure on R and
show some key properties the outer measure has. Finally, we will use the notion of outer measure to
define a new measure on R that proves to be a better generalization of the Lebesgue measure from R
to R and that leads to a family of measurable sets in R that strictly contains the family of measurable
sets from [13], and for which most of the classic results for Lebesgue measurable sets in R hold.
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1. INTRODUCTION

We recall that the elements of the Levi-Civita field R are functions from Q to R with left-finite support
(denoted by supp). That is, for every ¢ € Q there are only finitely many elements in the support that are
smaller than q. For the further discussion, it is convenient to introduce the following terminology.

Definition 1.1. (), =,, ~, =) We define A\ : R — Q by

min(supp(z)) if x #0
Az) =
00 ifx =0.
The minimum exists because of the left-finiteness of supp(x). Moreover, we denote the value of x
at g € Q with brackets like x[q].
Given z,y € Rand r € Q, we say that x =, y if x[q] = y[q] for all g < r.
Given z,y #0in R, we say x ~ y if AN(x) = Ay); and we say x =~ y if N(x) = A(y) and z[\(z)] =
y[A ().
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2 RESTREPO BORRERO et al.

At this point, these definitions may feel somewhat arbitrary; but after having introduced an order on R,
we will see that A describes orders of magnitude, ~ corresponds to agreement of the order of magnitude,
while = corresponds to agreement up to infinitely small relative error.

The set R is endowed with formal power series multiplication and componentwise addition, which
make it into a field [7] in which we can isomorphically embed the field of real numbers R as a subfield via
the map E : R — R defined by

0 else.

E(w)[q]{x tg=0 (1.1)

Definition 1.2. (Orderin R) Let x,y € R be given. Then we say that x >y (ory < x) if x # y and
(x —y)[Mzx—y)] >0;andwesayx >y (ory < zx)ifx =yorx>y.

[t follows that the relation > (or <) defines a total order on R which makes it into an ordered field.
Note that, given a < b in R, we define the R-interval [a,b] = {z € R : a < z < b}, with the obvious
adjustments in the definitions of the intervals [a,b), (a,b], and (a,b). Moreover, the embedding E in
Equation (1.1) of R into R is compatible with the order.

The order leads to the definition of an ordinary absolute value on R:

ifz>0
91:maux{:z:,ﬂv}{aj o=

—x ifx <0

which induces the same topology on R (called the order topology or valuation topology) as that induced
by the ultrametric absolute value | - |, : R — R, given by

e M®) ifx £0
|| =
0 iz =0,

as was shown in [14].

We note in passing here that |-|, is a non-Archimedean valuation on R; that is, it satisfies the
following properties

1. |v]y, > Oforallv € Rand |v|, = 0if and only if v = 0;
2. |vwly, = |v|y|w]|y forall v, w € R; and

3. v 4wy < max{|v|y,|w|,} forallv,w € R: the strong triangle inequality.

Thus, (R, |- |,) is a non-Archimedean valued field. Moreover, |.|, induces a metric A on R given by
A(z,y) = |y — x|, which satisfies the strong triangle inequality and is thus an ultrametric, making
(R, A) an utrametric space.

Besides the usual order relations on R, some other notations are convenient.

Definition 1.3. (<,>) Let x,y € R be non-negative. We say x is infinitely smaller than y (and
write x K y) if nx <y for all n € N; we say x is infinitely larger than y (and write x> vy) if
y < lfr <1, wesay xis infinitely small; if x > 1, we say x is infinitely large. Infinitely small
numbers are also called infinitesimals or differentials. Infinitely large numbers are also called
infinite. Non-negative numbers that are neither infinitely small nor infinitely large are also called
finite.

Definition 1.4. (The Number d) Let d be the element of R given by d[1] = 1 and d[t] = 0 fort # 1.
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ON A NEW MEASURE 3
Remark 1.5. Given m € Z, then d™ is the positive R-number given by
(
c\id;- d ifm>0

m times

d" = . .
1 ifm=0

d_lm ifm<0
Moreover, given a rational number ¢ = m/n (with n € Nand m € Z), then d? is the positive nth
root of d™ in R (that is, (d?)™ = d™) and it is given by

d[t] = { 1 ift=q

0 otherwise.

It is easy to check that d? < 1 if ¢ >0 and d?> 1 if ¢ <0 in Q. Moreover, for all x € R,

the elements of supp(x) can be arranged in ascending order, say supp(x) = {q1,q2,...} with
[ee]

q; < gj+1 forall j; and x can be written as x = ) x[q;]d¥, where the series converges in the order
j=1
(valuation) topology [1].

Altogether, it follows that R is a non-Archimedean (valued and ordered) field extension of R. For
a detailed study of this field, we refer the reader to the survey paper [10] and the references therein. In
particular, it is shown that R is complete with respect to the natural (valuation) topology or, equivalently,
with respect to the ultrametric A.

[t follows therefore that R is just a special case of the class of fields discussed in [6]. For a general
overview of the algebraic properties of formal power series fields, we refer to the comprehensive overview
by Ribenboim [5], and for an overview of the related valuation theory, to the book by Krull [3]. A thorough
and complete treatment of ordered structures can also be found in [4]. A more comprehensive survey of
all non-Archimedean fields can be found in [2].

Besides being the smallest non-Archimedean ordered field extension of the real numbers that is both
complete in the order topology and real closed, the Levi-Civita field R is of particular interest because
of its practical usefulness. Because of the left-finiteness of the supports of the Levi-Civita numbers,
those numbers can be used on a computer, thus allowing for many useful computational applications.
One such application is the computation of derivatives of real functions representable on a computer
[11], where both the accuracy of formula manipulators and the speed of classical numerical methods are
achieved.

The following result is not special to R but it holds in any non-Archimedean valued field; its proof can
be found in 7, 12].

Proposition 1.6. Lef {a, }nen be a sequence in R. Then {ay,} is a Cauchy sequence in the valuation
topology if and only if li_)rn (ant1 —apn) =0.

Since R is Cauchy complete, we readily obtain the following result.
Corollary 1.7. Let {an}tnen be a sequence in R. Then {a,} converges in R if and only if

lim (any1 —ay) =0.
n—oo

Corollary 1.8. Let {ay, }nen be a sequence in R. Then 'y, a,, converges in R if and only if li_)m an =
neN n—oo
0.

Moreover, thanks to the non-Archimedean (ultrametric) nature of R, the order of limits, including
double infinite sums, can be interchanged more conveniently than in R.
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4 RESTREPO BORRERO et al.
2. THE S-MEASURE ON R

Using the nice smoothness properties of power series (see [8] and the references therein), we
developed a measure and integration theory on R in[9, 13] that uses the R-analytic functions (functions
given locally by power series) as the building blocks for measurable functions instead of the step
functions used in the real case. We will refer to that measure by the S-measure henceforth in this paper.

Notation 2.1. Lef a < bin R be given. Then by l(I(a,b)) we will denote the length of the interval
I(a,b), thatis
[(I(a,b)) = length of I(a,b) =b— a.

Definition 2.2. Let A C R be given. Then we say that A is S-measurable if for every e > 0 in R,
there exist a sequence of pairwise disjoint intervals {I,}5° ; and a sequence of pairwise disjoint

intervals {J,}52, such that \J I, C AC U Jn, > U(I,) and > ;2 1(J,) converge in R, and
1 n=1

n= n=1

(8

1(J,) — i:;lzun) <e

n=1

Given an S-measurable set A, then for every k € N, we can select a sequence of pairwise disjoint

intervals {I¥}°" and a sequence of pairwise disjoint intervals {J¥}>  such that 3 I (IF) and
n=1

> 1(JF) converge in R for all k,
n=1

oo

GJ,’;C " cAc G JEH1 ¢ GJgand iz(ﬂ;) —iz(ﬁ;) < gk
n=1 1 n=1 n=1 n=1 n=1

forall k € N. Since Ris Cauchy complete in the order (valuation) topology, it follows that klim Yoyl (I,’fj)
—00

n=

and klim > 1(JF) both exist and they are equal. We call the common value of the limits the S-measure
—00 n=1

of A and we denote it by M(A). Thus,

oy 30 () - i 30 (2)

Contrary to the real case,

sup {Z I(I,) : I,’s are pairwise disjoint intervals and U I, C A}
n=1

n=1

and

inf {Z I(Jyn) = Jy’s are pairwise disjoint intervals and A C U Jn}
n=1 n=1

need not exist for a given set A C R. However, as shown in [13], if A is S-measurable then both
the supremum and infimum exist and they are equal to M(A). This shows that the definition of S-
measurable sets in Definition 2.2 is a good generalization of that of the Lebesgue measurable sets of real
analysis that corrects for the lack of suprema and infima in non-Archimedean ordered fields.

[t follows directly from the definition that M(A) > 0 for any S-measurable set A C R and that any
interval I(a,b) is S-measurable with S-measure M;(I(a,b)) =1(I(a,b)) = b — a. It also follows that

if A is a countable union of pairwise disjoint intervals (I,,(ay,b,)) such that > (b, — a,) converges
n=1
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ON A NEW MEASURE 5

then A is S-measurable with M (A) = > (b, — ay,). Moreover, if B C A C R and if A and B are S-
n=1
measurable, then M,(B) < M(A).

In[13]we show that the S-measure defined on R above has similar properties to those of the Lebesgue
measure on R. For example, we show that any subset of an S-measurable set of S-measure 0 is itself S-
measurable and has S-measure 0. We also show that any countable unions of S-measurable sets whose
S-measures form a null sequence is S-measurable and the S-measure of the union is less than or equal
to the sum of the S-measures of the original sets; moreover, the S-measure of the union is equal to the
sum of the S-measures of the original sets if the latter are pairwise disjoint. Furthermore, we show that
any finite intersection of S-measurable sets is also S-measurable and that the sum of the S-measures
of two S-measurable sets is equal to the sum of the S-measures of their union and intersection.

[t is worth noting that the complement of an S-measurable set in an S-measurable set need not
be S-measurable. For example, [0, 1] and [0, 1] N Q are both S-measurable with S-measures 1 and 0,
respectively. However, the complement of [0,1] N Q in [0, 1] is not S-measurable. On the other hand, if
BcC AcCRandif A, Band A\ B are all S-measurable, then My (A) = My(B) + Ms(A\ B).

The example of [0, 1] \ [0, 1] N Q above shows that the axiom of choice is not needed here to construct
a set that is not S-measurable, as there are many simple examples of such sets. Indeed, any uncountable
real subset of R, like [0,1] N R for example, is not S-measurable. This ease of finding subsets of R
that are not S-measurable may seem surprising; however, through closer inspection and the following
characterization (Theorem 2.3), it will become obvious that the family of S-measurable sets is simply
too narrow, thus the need for a new measure on R that will extend the family of S-measurable sets and
will share more of the nice properties of the Lebesgue measure on R.

Theorem 2.3. Let A C R be S-measurable. Then A can be written as a disjoint union A=

< U Kn> U S, where K,, is an interval in R for each n € N and where ) I(K,,) = M(A) and
n= n=1

M,(S) =0.

Proof. Let € > 0 in R be given. By definition, there exist two sequences of pairwise disjoint intervals

{I,}5°; and {J,,}22; such that U I, CAC U In, Z I(I,) and Z [(Jy,) both converge in the order

n=1 n=1

topology, and % I(Jn) — i I(I,) < €/2.

n=1

We can re-write the collection {1,,}72 as U {L, N Jn}>2 . Since, for every m € N, we have that

lim I(I, N Jy) =0, it follows that Z I(I, N Jp,) converges for every m € N, by Corollary 1.8. Thus,

n—o0

there exists NV, € N such that n:go:illl(ln N Jm) < d™e. 1t follows that
i:jlzun)—i;éumm > 1) i;[i s dm]

= f: f: f: (I OV J) Z d™e
n=1 n=1m=1

S WEARS AR S
n=1 =1

<ot e

< €.
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6 RESTREPO BORRERO et al.

Thus, we can replace the original collections of intervals {I,,}2%, and {.J,}5, with U {J,, N L, }2m
m=1

and {J,, }22, which can be easily re-written as {S, }22 1, {X,,}22, where S,, C X, for each n. Moreover,
since X, \ S, is at most the disjoint union of two intervals, we can write {X,}2°, = {S,}°2, U

{R,}>2 where Zl( n) < €.

Now, take € = d As shown, we can find two sequences of pairwise disjoint intervals {S}}°°; and
{RL}%° | such that

Ushicac (U S;) U <U Ri) and Y I(R}) < d
n=1 n=1 n=1 n=1
Now, given an arbitrary k € N, assume that for every positive integer m < k we have a pair of sequences

of pairwise disjoint intervals {S]*}°° ; and { R} }°° , such that U SmCAC < U Sﬁ) U < U R,T),

n=1

Z [(R™) < d™, and {Sm}°0 , C {Sm+1}o0 | Take now a pair of sequences of pairwise disjoint inter-
Vals {I,}5°; and {O,, }>2 such that

U I, CAC (U 1n> U (U 0n> and » "1(0,) < d**.

n=1 n=1 n=1 n=1

Consider the collections of pairwise disjoint intervals (J {I, N RE} and | {On N RE}. We define
m=1 m=1

{RF1} = U{o N RE Y and {SF+1) .= {SF1 U (U{I NRED )

m=1

Then {S*+1} and { RE+1} are pairwise disjoint collections of intervals that satisfy

G Sﬁ-ﬁ-l QAQ (G Sﬁ—i_l) U ([j Rﬁ+1>

n=1 n=1 n=1
and
> IR Z Z IO N RE) <> 1(0n) < dth.
n=1 n=1m=1 n=1
We define {S°} = | {S¥}, which is a disjoint countable union of intervals that are contained in A. It
k=1
follows that { RE} is a sequence of covers of A \ U Spe that satisfies the condition lim Z I(REY = 0.

n=1 k—o0 n=1

Thus,

0 < 9] : ky 9]
S USE) < M) < DTS + fim 3 URE) = DS
We conclude that A = ( U Kn> U S where Y I(K,) = Ms(A) and M(S) = 0.
n=1 n=1
3. THE OUTER MEASURE

The effect of having too small a family of S-measurable sets impedes further progress into more
significant results that the reader associates with the Lebesgue measure in R. So we will introduce a
new definition that will enlarge the pool of measurable sets while still circumventing the fact that not all
bounded sets in R have an infimum or a supremum.
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ON A NEW MEASURE 7
Definition 3.1. Let A C R be given. Then we say that A is outer measurable if

inf {Z 1(Syn) : Sy's are intervals and A C U Sn}
n=1

n=1

exists in R. If so, we call that number the outer measure of A and denote it by M,(A).

3.1. General Properties

As we shall see, this definition is going to assist us in defining a larger family of measurable sets than
that of the S-measurable sets. Unfortunately, working with the infimum of a set is often difficult and
labour intensive. To avoid that, we will make use of a variant of the assertion made immediately after
Definition 2.2, which was used to define the S-measure of an S-measurable set.

Proposition 3.2. Let A C R be outer measurable. Then there exists a sequence of sequences of

pairwise disjoint intervals ({I5}ee,) | such that klirn S I(IF) = M, (A), and for all k € N, we
- —00 p—1

have that

[e%S) [e'e)
Aclnmttcm
n=1 n=1

We say that such a sequence outer-converges to A.

Lemma 3.3. Let A, B and C be outer measurable sets in R such that AC BUC. Then M,(A) <
My(B) + My(C).

Proof. Let {I,,}, {J,} be arbitrary covers of B and C, respectively. Then, {I,,} U {J,} is a cover of A
and, by definition,

ML) £ SUL) + 310
n=1 n=1

[t follows that

1
Thus, M, (A) — > I(I,) is a lower bound for the set X¢ := { SISy :CC U Sn} and hence
n=1

n=1 n=1

My(A) = > (1) < inf(Xe) = My(C).

n=1

Thus,

M, (A) — M,(C) < i I(I)

n=1
and hence
M,(A) — M,(C) <inf(Xp) = M,(B),

from which the result follows.

[t turns out that sets of outer measure zero inherit one of the key properties that hold for the classical
Lebesgue measurable subsets of R of measure 0, as shown in the following proposition.
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8 RESTREPO BORRERO et al.

Proposition 3.4. Let A, B C R be outer measurable with M, (B) = 0. Then, for any subset C C B
we have that M, (C) = 0 and M,(A\ C) = M, (A).

Proof. It follows immediately from the definition that M, (C) = 0. To see that M, (A\ C) = M,(A),
it is enough to notice that if {J¥}°°, Outer converges to A when k — oo then it so outer-converges

to A\ C, forif {S,} covers A\ C and Z 1(Sp) < M, (A), we can find {I,} covering C' such that
n=1

Z I(I,) + Z 1(Sy) < My, (A). This will yield a contradiction, since {I,,} U {S,,} covers A.

3.2. Intervals and the Outer Measure
We now introduce a series of results showing that intervals behave particularly well with the notion
of outer measure.
Proposition 3.5. Let A C R be outer measurable and let I be an interval in R. Then AN I is outer
measurable.

Proof. Let ({Jk}),—, outer-converge to A. For eachn, k € N, we define
I =1nJk

Then, clearly, [(I¥) <1(JF) for all n,k € N. It follows that, for every k € N, the series > I(IF)

n=1

converges. We will show that hm Z I(I*) exists and is equal to M, (AN T).

—)OOn 1

First we note that since for every k, U (JF1nT°) C U (JF N T1¢) we have that 3 I(JFF1 N 1¢) <

n=1 n=1 n=1

S U(JF N T€). Tt follows that
n=1

izuf;) - iz(zﬁ“) = i JinT) - Zz JE AT
n=1 n=1 n=1

=D (UR) = UIF N 1)) = AN =1y N 19)
n=1 n=1
=D IR =D T D I NI =Y U(IE N T
n=1 n=1 n=1
<D U = DU,
n=1 n=1
Since0 < Y I(IF) — Z I(IFHY < ST U(JTF) = 32 1(JF+1) and since klim <Z 1(JhH -3 l(Jf;“)) =
n=1 n=1 n=1 n=1 —00 \n=1 n=1
0, we obtain that klim <Z (k-3 l(IﬁH)) = 0. [t follows then from Corollary 1.7 that hm Z 1(I%)
= \n=1 n=1 k—o00 =1

exists in R. Let z := lim Y I(IF).

k—o0 n=1
Suppose now that (J,) is a cover of ANT by pairwise disjoint open intervals. We will show that

Z [(Jn) > x. Suppose, to the contrary, that Z I(Jn) < . It follows that

n=1
= i k
Jm 1)
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ON A NEW MEASURE 9
= kli_)rgoi:l(l NJk) + kli_)ngoil(lc nJk

=+ klirgogz(fc n.Jk)

> g:lzun) - kli%ogzuc nJo.

It follows that M, (A) > S_ 1(J,) + > I1(I¢N JF) for k large enough. This is a contradiction, since
n=1 n=1
{J,} U{I°n Jk}is a cover of A by intervals. We conclude that A N I is outer measurable.

Remark 3.6. Using a similar argument, one can prove that AN 1€ is also outer measurable for
any interval I and Jor any outer measurable set A.

Corollary 3.7. Let A C R be outer measurable and let {I,}_, be a sequence of intervals in R.
Then

N N
AN UInandA\ UI”
n=1 n=1

are outer measurable.

Proposition 3.8. Let A C R be outer measurable and let 1,J be two disjoint intervals in R. Then
(ANT)U(ANJ)isouter measurable. Moreover,

M,((ANTHHU(ANJ)) =M, ANI)+ M, (ANJ).

Proof. Since AN I and AN J are outer measurable by Proposition 3.5, there exist two sequences of
sequences of intervals {I¥}, {J*} outer-converging to AN I and A N .J, respectively. Now, the sequence
of sequences {I¥} U {J¥} is a cover of (AN I) U (AN J) satisfying that:

-
Xe{IFyu{J5}

oo

(1% + i Z(Jjj)] = M, (ANT)+ M, (ANJ).
1 n=1

n—=

Now let {S,,} be a cover of (ANTI)U (AN J). Without loss of generality, we may assume that S,, =
Sn,NIorS, =S5,NJ. Wenow may subdivide {S,, } into {S,, N I} U{S, N J} := {L,} U{J,}. It follows
that {I,,} covers AN T and {.J,,} covers AN J. Thus,

S US) =D IT) + Y UJn) = My(ANT) + My(ANJ).
n=1 n=1 n=1
It follows that (AN I) U (AN J)is outer measurable and that

M,((ANTHHU(ANJ)) =M, ANI)+ M, (ANJ).

Corollary 3.9. Let A C R be outer measurable and let {J,}\_, be pairwise disjoint intervals in

N
R. Then AN ( U Jn> is outer measurable and
n=1

N N
M, (Am <U Jn)) => M,(ANJy,).

n=1
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10 RESTREPO BORRERO et al.
Proposition 3.10. Let A C R be outer measurable and let {J,}5°, be a sequence of pairwise

disjoint intervals in R with 1i_)m I(J,) =0.Then AN < U Jn> is outer measurable and
n o0 n=1

M, (An <G Jn)) :iMu(Aan).

n=1

Proof. Since J, N A C J,,, we have that M, (AN J,) <I(J,). Thus, 1i_)m M,(ANJ,) =0and hence

> My(ANJy,) converges, by Corollary 1.8. Let {JF, }>°_, be a sequence that outer-converges to

n=1

AN J,. The cover U {JF m =1 satisfies the following:

n=1

lim > khlfioz Z WTE ) =) (klggo > l(ij,m)) => My(ANJ,).
1 1

k—
& 0s o n=1m=1 n= n=1
Xe Ul{Jn,m m=1

That we can interchange the limits above follows from the fact that the limits are taken with respect to
the non-Archimedean order in R or, equivalently, with respect to the ultrametric A [7].

Suppose now that {.S,,} is any cover of AN ( U Jn>. Then, for every N € N, we have
n=1

Zz i My (AN J,) = u(Am(QlJn)).

n=1

Hence > I(S,) > Z w(A N Jy). We conclude that AN < U Jn> is outer measurable and
n=1 n=1

n=1
M, (Am ([’j J)) S M),
n=1

n=1

Proposition3.11. Let A C R be outer measurable and let I be an interval in R such that INA = ().
Then AU I is outer measurable with M, (AU I) = M,(A) + I(]).

Proof. Let {J¥}°° | be a sequence that outer-converges to A. Without loss of generality, we may
assume that J¥ = Jk N I¢. Then, if we define

I :=Tand I¥ := J¥ foreachn € N,

we obtain that AU T C U I+t C U I and that Jim Z I(IF) = M, (A) +1().

n= n= —}OOn

Let {S,,} be a cover of A U I. We can subdivide {S,, } into {S,, N I'} and {.S,, N I¢} covers of I and A,
respectively. Thus,

Zz Z (S N 1) +1(Sp N I°)) Zzs NI +Zzs NI > 1(1) + My(A).

n=0
We conclude that AU I is outer measurable with M, (AU I) = M, (A) + ().

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol. 15 No.1 2023



ON A NEW MEASURE 11
Corollary 3.12. Let A C R be outer measurable, let N > 2 in N be given, and let {I,}N_; be
pairwise disjoint intervals in R such that AN I, =0 foreachn € {1,...,N}. Then AU < U In>
is outer measurable, with "

N N
M, (AU <U In>> = My(A) + > U(I).

n=1 n=1
Corollary 3.13. Let A C R be outer measurable, let N € N be given, and let {I,,})_, be intervals
inR. Then AU < U In> is outer measurable.
n=1

Proof. 1t is enough to see that AU T = (AN I°) U I, which is outer measurable.

Proposition 3.14. Let A C R be outer measurable and let {I,,}5°, be a collection of pairwise

disjoint intervals in R such that AN I, =0 for eachn € N and li_)m I(I,) =0. Then AU ( U In>
n—00 n=1

is outer measurable, with

(50 (08 - S
n=1 n=1

Proof. Let {J¥}°2 | be a sequence outer-converging to A. Then {J¥}>°, U {I,}°%, covers AU

<n§1 In> and

klg{.lo Z [(X) = lim _1l (J5) —l—Zl —I—Zl

k—o0
Xe{Jho Ui},

Now, let {S,,} be a coverof {A} U {I,}5° . It follows that

N N 00
M, <AU (U In)) = My(A) + > 1In) < 1(Sh)
n=1 n=1

n=1

18

forevery N € N, and hence M, (A4) + > (1) < Z 1(Sh).

Proposition 3.15. Let A C R be outer measurable and let {I,,}°2, be a collection of intervals in

R such that li_)m I(In) =0.Then AU < U In> is outer measurable.
n—oo n=1

n=1

Proof. Without loss of generality, we may assume that {I,,}22 is a pairwise disjoint collection that’s
arranged in the order of decreasing length. For each m € N, there exist V,,, € N and some cover {S)"}

Nm,
of A, : = AU < U In> such that
n=1

> UIn) <d™and > UST) = Mu(Ap) < d™
n=Np,+1 n=1

Then Gy, := {S3'} U {In}52 11 is a sequence of covers for AU < U In> that satisfies
n=1

X - > Ux S I@)+ D USTY = Y i) =Y Us
XeCpm+1 XeCnm, n=Npm41+1 n=1 n=Nnmy+1 n=1
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<| S || Y )+ sy =S usm
n=Nm+1+1 n=Np+1 n=1 n=1
<2d™+ > USSP = > UST)
n=1 n=1
<2d™ + ZZ(SZH_l) = My(Apt1)| + [ Mu(Apt1) — Mu(Ap)|
n=1
+ | Mu(Am) = Y UST)
n=1

< A4d™ + |My(Ams1) — My(An)|

<4d™+ Y (I
n=Npm+1
< 5d™.
Thus, using Corollary 1.7, we infer that z := lim ) (X)) exists in R. Suppose now that {.J,,} is a

M= xecC,,

cover of AU < U In> such that 3 1(S,) < . We choose k such that d* + >~ 1(S,,) <z and m > k
n=1

n=1 n=1

such that d* + 32 1(S,) < > I(X). It follows that

My(Am) > > UST) —d™ = > UX)— Y U(I,)—d"
n=1 XeCm n=Nm+1
> ) UX)—2dm > > UX) - db
XeCnm, XeCm
> 1(Sh),
n=1

which is a contradiction, since {5, } covers A,,. We conclude that AU < U In> is outer measurable.
n=1

Lemma 3.16. Let A C R be outer measurable and let {I,}5° 1 be a sequence of pairwise disjoint

intervals in R such that 1i_>m I(I,) = 0. Then the set A\ \J I, is outer measurable, and
n—00 n=1

0 k
(0 ) amon (0 Un).

Proof. Foreach k € N, let Aj, :== A\ ij I, and let Ao := A\ fj I,,. Then, clearly, A1 C Ay and
hence M, (Ax+1) < My (Ayg) forall k enI\:I.1We note that A, = Akflzb (AN Igy1), and hence

My(Ag) = Mu(Agi1) < My(AN Tpy1) < U(Tiy1)-
Since 0 < M, (Ax) — My(Ak+1) < I(Ig+1) and since kh_)nolol(_[k_;,_l) = 0, we obtain that

lim (M, (Ag) — My(Ag+1)) = 0. It follows then from Corollary 1.7 that klim M, (Ay) exists in R. We
—00

k—o0
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ON A NEW MEASURE 13
define

k
= lim M, () = lim M, (A\ anjl In> .

Since each Ay, is outer measurable, there exists a cover {S*} of A, such that 3 1(SF) — M, (A) < dF.
n=1
Now, the sequence {S¥} is a sequence of covers of A, that satisfies

Jm ) 1(Sn) =
[t remains to show that z is a lower bound for the sum of lengths of any Countable collection of intervals

covering As. Assume to the contrary that {J,,} is a cover of A such that Z [(Jn) < x. We now take
N e N such that

Zz +Zz ) <z < My(Ay)

which yields a contradiction to the fact that {J,,} U {I,,}7° ; covers Ay.

Proposition 3.17. Let A, B C R be outer measurable such that A C \J;” , I, and B C (U~ In,)",
where the 1,’s are pairwise disjoint intervals in R with li_>m I(I) =0. Then AU B is outer

measurable, and
M,(AUB) = M,(A) + M,(B).

Proof. First note that, forany N € N, we have that
N ¢ N+1
n=1 n=1

where J are pairwise disjoint intervals (possibly infinite). The superscript N means that the partition
of <U711V:1 In) into intervals depends on N. Now, let {S,,} be a cover of AU B. Then

5= (Sﬂﬁ%)ﬂ(ﬁn“(ﬁﬁ)c)

n=1 \m=1 m=1
o) o) N—+1
:Z(Z (SuNIm)— Y. l(SnﬁIm)Jer(SnﬁJn]f))
n=1 =1 m=M-+1 m=1
co o0 co N+1
:ZZ (Sp N Iy, Z Z (Sn N In)+ YD USwNIN).
n=1 n=1m=N+1 n=1m=1

Note that {S, NI, | n,m € N} is a cover for A (an appropriate indexing can be found easily). Also,
{S,NJN|neN, m=1,2,---, N+ 1} is a cover for B since

oo (0e) (0T

m=1 m=1
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Thus,
0o o0 oo N+1
SN USaNIn) = My(A)and Y > 1S, N JN) > My(B),
n=1m=1 n=1m=1

and hence

OOZ(sn)zMu SIS (S Iy
> P

It follows that

n=1

m=N+1n=1

Taking the limit as NV — oo yields

iz(sn) > My (A) + My (B).

n=1

Finally, we check that if {L£}, {T*} outer-converge to A and B, respectively, then {L5} U {T*} covers
AU B and

. k ky | —
kl:ﬂ(ZlL +ZZT > W(A) + M, (B).
We conclude that AU B is outer measurable and M, (AU B) = M, (A) + M,(B).

Theorem 3.18. Let A, B C R be outer measurable. Then AU B is outer measurable.

Proof. Let {I¥1>° | be a sequence that outer-converges to A. We define
By:=Bn() (Ijj) .
n=1

Since each By, is outer measurable, there exists a cover {J*} of By, such that > I(J¥) — M, (By) < d*.

n=1

[o¢] o0 o0 [o¢]
We note that, since |J I¥*! C (J IE, then N (I¥)° € N (I¥*!)° and hence By C By1. Moreover
n=1

n=1 n=1 n=1

Biy1 = By U (Bys1 \ By)

= B, U (Bm (G N\ leﬁ“))

U QIVEY)
C B U (@ IR\ @1’““)

Hence By 1 \ By is outer measurable and M, (B, 1 \ Bi) < Z I(IF) — S (1Y) — 0as k — oo. It

n=1 n=1

follows that the sequence M, (By) is Cauchy, and it converges in R. That is,
li M) = lim M,(By) € R.
Jim, 2 10n) = fim Mu(Bo) €
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We define By, := U By. Let {S,,} be a cover of By. It follows that {S,} covers By, for each k € N;

thus, M, (Bx) < Z [(Sp) for each k € N and hence z := hm M, (By) < Z 1(Sh).

n=1

Since Bj41 \ Bk is outer measurable for each k£ € N and khm M, (Bgs1 \ Bi) = 0, there exists { RF}
—00

cover of By 1 \ By such that 3~ I(RF) — M, (By,1 \ By) < d*. Itfollows that {J¥} U |J {R™} covers

n=1 m=Fk

Bo = By U < Ej (Bm+1 \Bm)> and hm Z 1(JF) + Z Z I(R)) = x. We conclude that B is

m=k m=kn=1

outer measurable and has outer measure z.
Now, {JF}o U {IF}22 ;| covers AU By and

lim (i 1(JE) + izu@) = My (A) + =

k—o00

Finally, if {T,} covers AU B, then it does also cover A U By, which is outer measurable by Proposition
3.17. Thus,

and hence

My (A) +z = M,(A) + 1mAJBk§§:

k—o0

We conclude that A U B is outer measurable.

3.3. The Problem with the Outer Measture

From the last result, one can see that the outer measure may be used to introduce a strong enough
definition of measurability to serve as a replacement for the S-measure in the Levi-Civita field R.
However, similar to the situation in classical real analysis, the new concept fails in extreme cases when
sets are too fuzzy or too tangled together as to pass the measurability test but fail for intersections and
additivity. We give an example (Example 3.21 below) that illustrates both cases. But first we prove the
following result which will be used in that example.

Proposmon 3.19. Let I C Rbeaninterval, X C I adense subset of I, and {S,}°°, a cover of X.
Then Z 1(Sp) > U(I).
n=1

Proof. Let k € Q be given. For every t € R, we define the k-th truncation of ¢ as follows:

) =3 " t[gld”.

q<k

Now, since X is dense in I, then, for every s € I, there exists x € X such that z = s. Let N € N
to be such that for every n > N, I(S,) < d*. It follows that if s,t € S, then s =4, ¢t. Consider now the
finite sub-collection of intervals {S,, }\_; = {(an,bn)})_; arranged such that

a® < al® <plF) <o <P < <ol <P <p®).

Suppose now that a® < agk). Since the interval A := (a(k) agk)) is uncountable but the set

{a: ne N1 Where 2P € 8, is countable, there exists t € A such that ¢ ) # 2P for all m € N. It
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follows that there exists z € X such that z =5 t*). However, this is a contradiction, because ¢S,

forall n € N. We conclude that a(®) = agk). Using an identical argument one shows that ) = a,(f_zl. It

follows that

D US) =k Y (bff) - a,(f)) = 0% —a® = b —a =, 1(1).
n=1 n=1

Since this is true for any arbitrary k, one has that > 1(S,) = ().

n=1

Corollary 3.20. Let X be a dense subset of an interval I in R. Then X is outer measurable and
M, (X) =1U(I).
Example 3.21. Consider the interval I = [0, 1] and the sets
T:={x€]0,1] | 3N € N;Vg > N, z[q] = 0}
S:={x€[0,1] | VN € N;3q > N,z[q] # 0} .
Clearly T, S are both dense in [0,1] and T NS = (). Consider now the set

C = fj <d<n—1>/n,2d<n—1>/n) _

n=2

It is not difficult to show that C is not outer measurable; on the other hand, T U C and S U C are
both dense in [0, 1], and hence they are outer measurable. Moreover,

(TUC)N(SUC)=CU(TNS)=C.

Thus, the intersection of two outer measurable sets is not necessarily outer measurable.

4. A LEBESGUE-LIKE MEASURE

With the results from the previous section, we are ready to define a new measure and a new family
of measurable sets in R, applying Caratheodory’s criterion and making use of the outer measure on R,
similarly to how the Lebesgue measure of real analysis is defined in terms of the outer measure on R.

Definition 4.1. Let A C R be an outer measurable set. Then we say that A is L-measurable if for
every other outer measurable set B C R both AN B and A°N B are outer measurable and

M, (B) = M,(ANB)+ M,(A°N B).
In this case, we define the L-measure of Ato be M(A) := M, (A). The family of L-measurable sets
in R will be denoted by My,
Proposition 4.2. let A, B € My, be given. Then ANB,AU B, AN B¢ e M.

Proof. Let X C Rbeouter measurable. Then, by definition, thesets AN X, BN X, AN X and B°N X
are all outer measurable. It follows that thesets AN BN X, (AUuB)NX,A°NB°NX, (A°UB°)NX,
XNANBS, XNA“NB,(A°UB)N X, and (AU B°) N X are all outer measurable; and so are the sets
XN(A°UB)NAXN(A°UB)NA, XN(AUB)NA, XN(AUB)N A%, X N(A°UB)N A, and
X N(A°UB)N A
Now, we simply check that
My(X) =M, (XNA)+ M, (XN A

=M, (XNANB)+ M,(XNANB°) + M, (X N A

= M,(X NANB) 4+ M, (X N (A°UB®) N A) + M,(X N (A°U B) N A°)

=M,(XNANB)+ M,(X N (A°U B°))

=M,(XN(ANB))+ M, (X N(ANB)°);
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My (X) = M,(XNAY)+ M, (X NA)
=M, (XNA°NB)+ M,(XNA°NB)+ M,(XNA)
=M,(XNANB)+ M, (XN(AUB)NA°)+ M, (XN(AUB)NA)
= M,(XNA°NB°)+ M,(XN(AUB))
= M,(XN(AUB))+ M,(X N (AUB));
and
M,(X) = M,(X NA)+ M,(X NA)
=M,(XNANBY)+ M,(XNANB)+ M, (X N A
=M,(XNANB)+ M,(XN(A°UB)NA)+ M, (X N(A°UB)N A%
=M,(XNANB)+ M, (XN(A°UB))
= M,(X N(ANB°)+ M, (X N (AN B°).
Thus, AU B, AN B and AN B¢ are L-measurable.

The family My, of L-measurable sets naturally inherits some of the key properties of the Lebesgue
measure in R.

Proposition 4.3. Let A, B € My, be given. Then
M(AUB)=M(A)+ M(B) — M(ANB).

Proof. We already know that AU B, AN B € Mp,. It follows that
M(AUB)= M,(AUB)
= M,((AUB)NA) + M,((AU B) N A%))
= My (A) + M, (BN A°)
::A4@@4)%—A4@(B)—-A4@@4FYB)
=M(A)+ M(B)— M(ANB).

This family M, also proves to be a direct improvement over the S-measure by strictly expanding the
family of S-measurable sets.

Proposition 4.4. Let {J,}5°, be a sequence of pairwise disjoint intervals in R such that
[ee]

li_)m I(Jn) =0.Then \J J, is L-measurable, and
n—oo n=1
M (U Jn> => 1(Jn)
n=1 n=1
Proof. The result follows directly from Lemma 3.16 and Proposition 3.17 and from the fact that

= (Amn@ljn) U (A\n@ljn).

Proposition 4.5. Let C C R be outer measurable with M,(C) = 0. Then C'is L-measurable with
M(C)=0.
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Proof. Let A C R be outer measurable. Then, using Proposition 3.4, we have that
My (A) = M, (A\C) = M, (A\C)+ 0= M,(A\C) + M, (ANC) = M,(ANC) + M,(ANC®).
Thus, C'is L-measurable, with L-measure M (C) = M, (C) = 0.

Corollary 4.6. Let A C R be S-measurable. Then A is L-measurable and M(A) = M4(A).

Proof Let A C R be S-measurable. Then, by Theorem 2.3, A can be written as a disjoint union
U K > U S, where K, is an interval in R for each n € N and where Y I(K,) = M4(A) and
n=1

M (S) = 0 Since M, (S) = M,(S) = 0, it follows from Proposition 4.5 that S is L-measurable, with
M (S) = 0. Moreover, by Proposition 4.4, we have that |J K, is L-measurable with

n=1
M <U ) Zz (A).
n=1
[t follows then from Proposition 4.2 and Proposition 4.3 that A is L-measurable, with
M(A)=M <[j Kn) + M(S) = Ms(A) + 0 = Ms(A).
n=1

One of the key results in probability theory is that of the continuity of the probability measure. Despite
not being able to get the full result due to the intrinsic characteristics of the set, we manage to get very
close to it.

Lemmad4.7. Foreachn € Nlet A, C R be L-measurable, with lim M(A,) =0, and let X C R be

n—o0
outer measurable. Then

N [e%)
]\}EllmMu (Xm UAn> = M, (Xm UAn>.

n=1 n=1

N 00
Proof. Foreach N € Nlet Xy := XN |J Ay, andlet X := X N |J A,. Then we have that

n=1 n=1
My(Xno1) < Mu(Xn) + Ma(Ansr) forall N € N,

Since the outer measures of A, form a null sequence, then the sequence M, (Xy) is Cauchy and
therefore convergent in R. We define

t:= lim M,(Xn).

N—oo

Given that X, and Aj are outer measurable for each m € N and for each k € N, we can find covers
{Jmyee , and {Ik}22, of X,, and Ay, respectively, such that

Zz J™) — My (X)) < d™ and Zl IRy — M, (A) < dF.

n=1

We define {Sk}o0 | = {JF}2, U U {Im}%2 ;. Then, clearly, {Sk}°° | is a covering of X+, and
m=k-+1
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Finally, if {P,}5°, covers X, then it covers Xy for all N € N. Thus, M, (Xy) < Z I(P,) for all
N € N and hence -

lim M, (Xn) _tgi

N—oo

We conclude that X is outer measurable and ¢t = M, (X ); thatis, limy 00 My (Xn) = My (X)) or

]\}gnooMu<XﬁUA> (XﬁUA)

N
Corollary 4.8. For eachn € N let A,, C R be L-measurable such that lim M < U An> exists in

N—oo n=1
R, and let X C R be outer measurable. Then

N [e%)
]\}EllmMu (Xm UAn> = M, (Xm UAn>.

n=1 n=1

N N
Proof. Set Ag = 0. Then, since ]\}im M < U An> = hm M < U An> exists in R, we have that
— 00 n=0 =1

() () (G G

N N—1
Foreach N e N, let By = |J A, \ U A,. Then the new sequence satisfies the following

n=0 n=0

N N 00 00
L_Jan = J 4w, U Ba=J 4nand lim M(B,)=0.

n=1 n=1 n=1
The result follows from Lemma 4.7.

N
Corollary 4.9. For eachn € Nlet A,, C R be L-measurable such that ]\}im M < U An> exists in
—00

n=1
R. Then

N 00
Nliinoo M, (nL:JI An> = M, (nL:JI An> .

Proof. Without loss of generality, we may assume that lim M(A,,) = 0. Then, for each m € N we

m—0o0

can find a cover {J"}>, of A, such that lgn <Z l(Jm)> =0. Thus, X := |J J™ is outer

m,n=1
measurable and the result follows from Corollary 4.8.

N
Lemma 4.10. for eachn € N let A, C R be L-measurable such that hm M < N An> exists in

—00

R, and let X C R be outer measurable. Then X N ﬂ A,, is outer measurable, and

n=1

N %)
Jim M, (Xm ﬂAn) = M, (Xm ﬂAn).

n=1 n=1
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Proof. For each N € N, define By := ﬂ A, and Xy := X N By, and define By, := ﬂ A, and

n=1 n=1

X := X N By. Since ]\}im M(By) = 0, it follows that
—00

Mu(BN\BN-i-l) = Mu(BN) — Mu(BN—i-l) —0as N — oo.
We have that Xy 1 € Xy € Xny41 U (By \ Byy1), and hence
My (Xn) < My(Xn+1) + My(By \ Bni1).

It follows that the sequence (M, (Xy))nen is Cauchy and therefore convergent in R. Let ¢t =
dim M, (Xy).
—00

Foreach k € N, let {J¥}°° | be a cover by intervals of X such that Z 1(JF) — M,(Xy) < d*. Thus,

n=1
{Jk} is a sequence of covers of X, satisfying klim S U(JR) =
—00 p=1

[t remains to show that t < Z I(I,) for any cover {I,}32, of Xo. Suppose, to the contrary,

that there exists a cover {I,,}52, of X such that Z I(I,) < t. Since By, \ Bpy1 € My, for each

n=1
m € N and since 1i_1>n M (B, \ Bit1) = 0, then there exists some N € N such that > I(1,,) +
m—00 n=1

Z M (B, \ Bpy1) < t. Thus, we can find covers {77300 of By, \ Byny1 for each m > N so that

Z I(I,) + Z Z [(Ji) < t, which is a contradiction to the fact that {I,}0°, U~ _y{Jm}22,
m=N n=1
covers Xn.

We conclude that Xoo = X N (] A, is outer measurable and ¢ := ]\}im M, (Xn) =M, (X).- That
—00

n=1
1S,

N %)
Jim M, (Xm ﬂAn) = M, (Xm ﬂAn).

n=1 n=1

N
Theorem 4.11. For each n € N let A, C R be L-measurable and such that A}im M < U An>
—00

n=1

exists in R. Then, |J A, is L-measurable.
n=1

Proof. We already know that U A,, is outer measurable. Now let X C R be outer measurable and let

{I,}5°, be a cover of X. Since U n and U I\ U A,, are L-measurable for each N € N and since

n=1 = n=1

2H

N 00
lim M < U A4 > and hm M < U In\ U A > both exist in R, we obtain that
n=1 =1 n=1

N—oo

My(X) = lim M,(X)

N—oo

N N
= Jim_ [Mu (Xﬁ U An> + M, (X\ L:JlAn>

n=1
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:Nhinoo[ <XQUA>+M <Xﬂ<UI\UA))
:NnLnooMu< ﬁanJl )*&EnooM“<Xm<© n@l n))

o (x0 Q) st (x0 (G U )
(e Ga) o (xo (0 )

Thus, |J A, is L-measurable.

n=1

N
Theorem 4.12. For each n € N let A, C R be L-measurable and such that Nlim M < N An>
—00

n=1

exists in R. Then, (| A, is L-measurable.
n=1

Proof. We already know that [ A, is outer measurable. Now let X C R be outer measurable and let

1
N 00 N
{I,}5°, beacoverof X. Since (| A, and J I,\ ) Ay are L-measurable for each N € N and since

n=1 n=1 n=1
N 00 N
lim M < N An> and lim M < U\ N An> both exist in R, we obtain that
N—oo n=1 N—oo n=1 n=1

My(X) = lim M,(X)

N—oo
N N
(o) e 1)

=

I
f:
55

S
VN
B
D
)=
N
3
N———
+
S
>
D
> N
(G

s

—
"=

&
N———

An

I
2
85

=

VRS
>

D)
=z

_l_
2
85

=
VRS

D
N
(@

5

3
—

— M, <Xﬁﬁ1An) + M, <Xﬁ (glln\ ﬁ%)
= M, <melen> + M, <Xﬂ (ﬁAn>c>

Thus, () A, is L-measurable.

n=1

The converse of the results above do not hold in general due to the extremely strong criteria for
convergence in R.
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Example 4.13. For eachn € N, let A,, = (d*/™,1/n). One can easily check that (| A, = 0 which

n=1
is L-measurable and has L-measure zero. However,

N N
i 2 () = i (0 (0 00)) = i o (5073) = g ()

n=1
does not exist in R.
Similarly, if, for eachn € N, we let B,, = [0,1 — 1/n] U[1 — d'/™ 1] then it’s easy to check that

U Bn = [0,1] which is L-measurable and of L-measure 1. However,

"~ N N
lim M (U Bn> = lim M (U ([0,1 —1/n]U[l - d””,l]))

n=1 n=1

— lim M(([O,l - 1/NJU [1_dl/N’1])>

N—oo
1
= li 1— /N
does not exist in R.
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