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Abstract—Let N be a non-Archimedean ordered field extension of the real numbers that is real
closed and Cauchy complete in the topology induced by the order. In this paper, we first review the
properties of weakly locally uniformly differentiable (WLUD) functions [1] at a point or on an open
subset of N. WLUD functions are C! and they form an N-algebra that is closed under composition
and contains all polynomial functions. Moreover, they satisfy an inverse function theorem, a local
intermediate value theorem and a local mean value theorem. We define k& times weakly locally
uniformly differentiable (WLUDF) functions from N to N, then we state and prove a Taylor theorem
with remainder for WLUDP functions on N. Finally, we generalize the concept of weak local uniform
differentiability to functions from N™ to N™ with m,n € N, then we formulate and prove the inverse
function theorem for WLUD functions from N to N™ and the implicit function theorem for WLUD
functions from N™ to N with m < n in N,
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1. INTRODUCTION

We start this section by reviewing some basic terminology and facts about non-Archimedean fields.
So let F' be an ordered non-Archimedean field extension of the field of real numbers R. We introduce the
following terminology.

Definition 1.1 (~, =, <, Sp, \). For z,y € F* := F \ {0}, we say that x is of the same order as y
and write x ~ y if there exist n,m € N such that n|x| > |y| and m|y| > |z|, where | - | denotes the
ordinary absolute value on F: |x| = max {x, —x}.

For nonnegative x,y € F, we say that x is infinitely smaller than y and write x < y if nx <y for
alln € N, and we say that x is infinitely small if v < 1 and x is finite if x ~ 1; finally, we say that
x is approximately equal to y and write x =y if x ~ y and |x — y| < |x|. We also set \(x) = [z],
the class of x under the equivalence relation ~.

The set of equivalence classes Sr (under the relation ~) is naturally endowed with an addition via
[z] 4+ [y] = [z - y] and an order via [z] < [y]if |y| < |z|(or |z| > |y|), both of which are readily checked to
be well-defined. Note that we use + instead of - for the operation in SF because, for the fields discussed
in this paper, Sp is isomorphic to an additive subgroup of R. It follows that (Sg,+, <) is an ordered
group, often referred to as the Hahn group or skeleton group, whose neutral element is [1], the class of
1. It follows from the above that the projection A from F* to S is a valuation.

The theorem of Hahn [3] provides a complete classification of non-Archimedean ordered field
extensions of R in terms of their skeleton groups. In fact, invoking the axiom of choice it is shown that
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TAYLOR’S THEOREM 149

the elements of any such ordered field F' can be written as (generalized) formal power series (also called
Hahn series) over its skeleton group S with real coefficients, and the set of appearing exponents forms
a well-ordered subset of Sg. That is, for all x € F', we have that

z=) a,d% (1.1)

q€ESF

with ay € Riorall g, d a positive infinitely small element of F, and the support of z, given by

supp(z) := {q € Sp : a4 # 0},

forming a well-ordered subset of Sr. With the representation of elements of F' as in Equation (1.1), it
follows that forz # 0in F,

A(z) = min (supp(z))

which exists since supp(z) is well-ordered. Moreover, we set A(0) = oc.
Addition, multiplication and order on the Hahn series are defined as follows. Givenz = 3~ cspp(a) @@’

and Yy = ztesupp(y) btdt, then

Tty = Z (ar + by)d"; and

TGsupp(w)Usupp(y)

x-y = Z Z ag-by | d. (1.2)

res xT <
Gsupp( )@Qtlpp(y) q € supp(z),t € supp(y)

qt+t=rm

Note that, since supp(x) and supp(y) are well-ordered, only finitely many terms contribute to the sum

Z aq~bt

q € supp(z),t € supp(y)

qtt=r

in Equation (1.2) for each r € supp(x) @ supp(y).
Given a nonzero x = qusupp(:c) aqd?, then z > 0if and only if ay(,) > 0.

From general properties of formal power series fields [7, 9], it follows that if SF is divisible then F'is
real closed; that is, every positive element of F' is a square in " and every polynomial of odd degree over F’
has at least one root in F. For a general overview of the algebraic properties of formal power series fields,
we refer to the comprehensive overview by Ribenboim [10], and for an overview of the related valuation
theory the book by Krull [4]. A thorough and complete treatment of ordered structures can also be found
in [8]. A more comprehensive survey of all non-Archimedean fields can be found in [2].

Throughout this paper, we will denote by N any totally ordered non-Archimedean field extension of R
that is real closed and complete in the order topology and whose skeleton group Sy is Archimedean, i.e. a
subgroup of R. The coefficient a, of the gth power in the Hahn representation of a given x will be denoted
by z[q], and hence the number d is given by d[1] = 1 and d[q] = 0 for ¢ # 1. It is easy to check that, for
q € Sy, 0<d? < 1ifand onlyif ¢ > 0 and d? > 1if and only if ¢ < 0; moreover, z ~ z[\(x)]d*®) for
all x # 0.

The smallest such field N is the Levi-Civita field R, first introduced in [5, 6]. In this case S = Q, and
for any element x € R, supp(x) is a left-finite subset of Q, i.e. below any rational bound r there are only
finitely many exponents in the Hahn representation of x. The Levi-Civita field R is of particular interest
because of its practical usefulness. Since the supports of the elements of R are left-finite, it is possible to
represent these numbers on a computer. Having infinitely small numbers allows for many computational
applications; one such application is the computation of derivatives of real functions representable on a
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computer[14, 15], where both the accuracy of formula manipulators and the speed of classical numerical
methods are achieved. For a review of the Levi-Civita field R, see [13] and references therein.

In the wider context of valuation theory, it is interesting to note that the topology induced by the
order on N is the same as that introduced via the valuation X, as shown in Remark 1.2 below. It follows
therefore that the field N is just a special case of the class of fields discussed in [12].

Remark 1.2. The mapping A : N x N — R, given by A(z,y) = exp (—=A(z —y)), is an ultrametric
distance (and hence a metric); the valuation topology it induces is equivalent to the order
topology (we will use T, to denote either one of the two topologies in this paper). For if A
is an open set in the order topology and a € A, then there exists r > 0 in N such that, for all
zeN, |z —a|<r=uxecA Let |l = exp(—A(r)), then we also have that, for all x € N, A(z,a) <
l = x € A;and hence A is open with respect to the valuation topology. The other direction of the
equivalence of the topologies follows analogously.

[t follows from Remark 1.2 that N which is complete in the order topology is also complete in the
valuation topology 7, induced by the ultrametric A.

Remark 1.3. Like the field *R of Nonstandard Analysis [11, 17], the field N is a sequentially com-
plete non-Archimedean ordered field extension of the field of real numbers R; and the embedding
of R in N is compatible with the orders in R and N. However, while in Nonstandard Analysis
there is a generally valid transfer principle that allows the transformation of known results of
conventional analysis, here all relevant calculus theorems are developed separately. Moreover,
besides being non-Archimedeanly valued, the fact that the field N has a total order (which is
also non-Archimedean) gives the field a richer structure, thus opening up new possibilities of
study, like monotonicity, which are not available in other non-Archimedean valued fields like the
p-adic fields for example [12]. This makes N an outstanding example, worthy to be studied in
detail in its own right.

The following results were proved in [16]; they show that the topological structure of N is different
from that of R or C, and that makes doing Calculus on the field more difficult.

e (N,7,) is a totally disconnected topological space. It is Hausdorif and nowhere locally compact.
There are no countable bases. The topology induced to R is the discrete topology. As an immediate
consequence of the fact that (N, 7,,) is totally disconnected, it follows that, for any zg € N, the
connected component of zg is {xo}; moreover, the topology is zero-dimensional, that is, there is
a base of clopen sets for the topology.

e [f we view N as an infinite dimensional vector space over R then 7, is not a vector topology; that
is, (N, 7,) is not a linear topological space.

e If Ais compactin (N, 7,) then A is closed and bounded and it has an empty interior in (N, 7,),
that is,

intf(A):={a€A:Ir>0inN>(a—r,a+r)C A} =0.

The converse is not true: the set A = [0, 1] N Q is a (countably infinite) closed and bounded subset
of N with an empty interior; but A is not compact in (N, ) [16].

e Given a sequence (z,,) of elements of N, the series " °7 | z,, converges if and only if the sequence
() converges to zero.

2. WEAK LOCAL UNIFORM DIFFERENTIABILITY

As hinted to in the Introduction above, because of the total disconnectedness of the field N in the order
topology, the standard theorems of real calculus like the intermediate value theorem, the inverse function
theorem and the mean value theorem require stronger smoothness criteria of the functions involved in
order for the theorems to hold. In this section we will present one such criterion: the so-called ‘weak
local uniform differentiability’, we will review recent work based on that smoothness criterion and then
present new results.
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2. 1. Review of Recent Results

In[1], we focus our attention on N-valued functions of one variable. We study the properties of weakly
locally uniformly differentiable (WLUD) functions at a point zg € N or on an open subset A of N. In
particular, we show that WLUD functions are C, they include all polynomial functions, and they are
closed under addition, multiplication and composition. Then we generalize the definition of weak local
uniform differentiability to any order. In particular, we study the properties of WLUD? functions at a
point zg € N or on an open subset A of N; and we show that WLUD? functions are C?, they include
all polynomial functions, and they are closed under addition, multiplication and composition. Finally,
we formulate and prove an inverse function theorem as well as a local intermediate value theorem and
a local mean value theorem for these functions. Here we only recall the main definitions and results
(without proofs) and refer the reader to [1] for the details.

Definition 2.1. Let A CN be open, let f: A— N, and let xg € A be given. We say that f is
weakly locally uniformly differentiable (abbreviated as WLUD) at x if f is differentiable in a
neighbourhood Q) of xg in A and if for every e > 0 in N there exists 6 > 0in N such that for every
x,y € (xg — 0,20 + §) NQ we have that |f(y) — f(x) — f'(z)(y — x)| < €|y — x|. Moreover, we say
that fis WLUD on A if f is WLUD at every point in A.

We extend the WLUD concept to higher orders of differentiability and we define WLUD™ as follows.

Definition 2.2. Let A C Nbeopen,let f: A— N, letxzy € A, and let n € N be given. We say that f
is WLUD™ at xq if f is n times differentiable in a neighbourhood Q of x¢ in A and if for every e > 0
in N there exists § > 0in N such that for every x,y € (x¢ — d,z9 + ) N Q we have that

)y
Fo) - T8 ¥ < ey — o

Moreover, we say that fis WLUD™ on Aif f is WLUD™ at every point in A.

Definition 2.3. Let A C Nbeopen,let f : A — N, and let zy € Abe given. We say that f is WLUD*®
at xg if fis WLUD™ at xq for every n € N. Moreover, we say that f is WLUD> on A if f is WLUD>®
at every point in A.

Theorem 2.4 (Inverse Function Theorem). Let A C N be open, let f: A — N be WLUD on A, and
let xg € A be such that f'(xg) # 0. Then there exists a neighborhood Q of xg in A such that

(i) flq is one-to-one;
(ii) f(2)is open; and
(iii) f~'exists and is WLUD on f(Q) with (f~1) =1/ (f"o f71).
Theorem 2.5 (Local Intermediate Value Theorem). Let A C N be open, let f: A — N be WLUD on

A, and let xg € A be such that f'(x¢) # 0. Then there exists a neighborhood 2 of xq in A such that
forany a < bin f(Q) and for any ¢ € (a,b), there is an

T € (min {f(_l)(a), f(_l)(b)} ,max {f(_l)(a), f(_l)(b)})
such that f(x) = c.

Theorem 2.6 (Local Mean Value Theorem). Let A C N be open, let f : A — N be WLUD? on A, and
let xg € A be such that f"(xg) # 0. Then there exists a neighborhood Q2 of xq in A such that f has

the mean value property on Q. That is, for every a,b € Q with a < b, there exists ¢ € (a,b) such
that

1)~ f(a)

£'e) = 2o
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Asinthe real case, the mean value property can be used to prove other important results. In particular,
while ’Hoépital’s rule does not hold for differentiable functions on N, we prove the result under similar
conditions to those of the local mean value theorem. To do this we first prove the local equivalent of the
Cauchy mean value theorem (Lemma 2.7). The proof is obtained from the mean value property the same
way as in the real case.

Lemma 2.7. Let A C N be open, let f,g: A — N be WLUD? on A, and let xo € A be such that
f"(xo) # 0 and ¢"(xg) # 0. Then there exists a neighborhood Q of xg in A such that for every
a,b € Quwitha < b, there exists c € (a,b) such that

f'(e) (9(b) = g(a)) = ¢'(c) (f(b) - f(a)).

Theorem 2.8 (L' Hopital’s Rule). Let A C N be open, let f,g: A — Nbe WLUD? on A, and let a € A
be such that f"(a) # 0 and ¢"(a) # 0. Furthermore, suppose that f(a) = g(a) = 0, that there exists
a neighborhood Q of a in A such that ¢'(x) # 0 for every x € Q\ {a}, and that liLn f(z)/d (x)

exists. Then

2 gla) e o)

flz) o f(2)
g

Proof. By Lemma 2.7, there exists a neighborhood U of a in A such that, for every x € U, there exists ¢
between x and a such that

f(e)(g(z) — g(a)) = g'(c)(f(z) — f(a)).
Let 81 > 0inN be such that (a — d1,a+61) CUNQ, let L = lim,_,, f'(x)/g'(x), and let e > 0in N be
given. Then there exists d2 > 0 in N such that for all z € (a — 02, a + ) we have that
f'(=)
g9'(z)
Let § = min{d1,02}, and let  # a in (a — d,a + &) be given such that g(x) # 0. Then, there exists ¢
between z and a [thus ¢ € (a — d,a + §)] such that

fle) _ f@) = fla) _ [flx)

g g(@)—gla) g(z)
Sincec € (a —d,a +9) C (a — da,a + d2), it follows that
f@) | |f©
reRE v

—L‘<e.

—L‘<e.

O

In this paper, we will formulate and prove a Taylor theorem with remainder for WLUD" functions.
Then we will extend the concept of WLUD to functions from N™ to N with m,n € N and study the
properties of those functions as we did for functions from N to N. Then we will formulate and prove
the inverse function theorem for WLUD functions from N™ to N™ and the implicit function theorem for
WLUD functions from N to N™ with m < nin N.

2.2. Taylor Theorem with Remainder
In this section, we use the concept of WLUDF to formulate and prove a Taylor theorem with
remainder. As in the real case, the proof of the theorem uses the mean value theorem. However, in the
non-Archimedean setting, stronger conditions on the function are needed than in the real case.
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Theorem 2.9. (Taylor's Theorem with Remainder) Let A C N be open, let n € N be given, and
let f: A— N be WLUD" 2 on A. Assume further that ™ is WLUD? on A for 0 < m < n. Then,
for every x € A, there exists a neighborhood U of x in A such that, for any y € U, there exists
¢ € min(y, ), max(y, z)] such that

) (g (n+1)
Rty = 1) - Y g - = 2 21)
k=0

Proof. Letx € Abe given. First note that Equation (2.1) holds trivially for y = x. Fory # x in A, define
F:A— Nby

k)
Py =1~ 50y -0

k=0

Then F (z) = Ry(y) and F'(t) = —L" 1Oy —g)nforall ¢ € A.
Now let G : A — N be given by

Then G(t) is WLUD? on A.

Case I: G”"(x) #0. Then we can apply the mean value theorem, Theorem 2.6, to G. Note that
G(z) = G(y) = 0. Applying the mean value theorem to G, there exists a neighborhood U of z in A,
such that for every y # 2 in U we can find ¢ € [min(y, =), max(y, «)] such that

Gly) — G(z)

0= — G'(¢)
= F'(c)+ (n+ 1)%F(aj)
(n+1) _\n
__f — (c) (y— )"+ (n+1) (y(y_ a:;)HlF(x).
[t follows that
(n+1)
Ray) = F@) = Tty =,
Case II: G”(z) = 0. Note that, for all t € A, we have that
e\ il nn+1) (y—t ol
GO =F0 -7, =0 (y—$> Flo)
B f(n—i-l) (t) . f(n+2) (t) n (n + 1)n y—t n—1
e e R v =) B
Since G”(x) = 0, we obtain that
F () w1 SO (2) n_ (n+1n
m(y—l“) - oy (y — ) —(y_x)gF(l”)
from which we obtain that
n+2 r(k) (n+2)
) =3 g - = R (22)
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We will show that, in this case (Case I1), f"*+2)(x) = 0. Assume, to the contrary, that f("*+2)(z) £ 0,

and let ¢ = ‘% .Then € > 0. Since f is WLUD"*?2 at z, there exists a neighborhood U’ of z- in A

such that, for every y € U’, we have that

n+2 (k)
‘f(y) -3 ! k,(x) (y—a)f| <€y —a"?,
k=0 ’

which contradicts Equation (2.2) above. Thus, f("+2)(z) = 0. Then, it follows from Equation (2.2) that
n+1 f(k) (x)

k _
k=0
and hence
_ f(nH)(ﬂC) n+1
Note that in Case II, the result holds for any y € A and that ¢ = x in this case. O

3. LINEAR TRANSFORMATIONS FROM N™ TO N™

In this section we review the properties of linear transformations from N™ into N, which are similar
to those of linear transformations from R™ to R™.

Proposition 3.1. Let L : N™ — N™ be a linear transformation. Then {|L(t)| : |t| < 1} is bounded.

Ly Lo ... Ly

Lyi Loy ... Loy,
Proof. Let L = ?1 ?2 2 denote the matrix of the linear transformation L, and let

a=max{|L;;|:i=1,...,m;j =1,...,n}. Then, for [t| < 1, we have that
Lyy Lz ... Ly, i1 > g Lujt;
La1 Lo Loy, to :
L(t)] = |Lt] = _ -
L1 Lo ... Ljn tn Z?:l Lmjtj
= Do (Dot | < > 1Lyl
i=1 \j=1 i=1 \j=1
m n 2 m
< Z Za'l = Z(na)2zx/ﬁna.
i=1 \ j=1 i=1
Thus, {|L(t)| : [t| < 1} is bounded above by \/mna. O

Corollary 3.2. Let L : N"™ — N™ be a linear transformation and let £ be an upper bound for
{|L(t)| : |t| <1}. Then |L(t)| < L|t| for all t € N™.
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Proof. Let t € N*. Ii t = 0, then |L(t)| = 0 = £|t| and we are done. Otherwise, let ¢ = |t|~!; then
lct| =1, and so ¢|L(t)| = |cL(t)| = |L(ct)| < £. Thus,

1
IL®)| = —£ = £lt].
O

Corollary 3.3. Let L : N® — N" be an invertible linear transformation and let £ be an upper

bound for {|{L=Y(¢)| : |t| < 1} Then |L(t)| > %'for allt € N™.
Proof. First we note that, since L~ is invertible, L=!(t) = 0 only if ¢ = 0; and hence £ > 0. Now let
t € N be given. Then |t| = |[L7Y(L(t))| < £|L(t)|; and hence |L(t)| > % O

Lemma 3.4. Let g : N" — N™ be C1; and let £ be an upper bound for {|Dg(zo)(z)| : |x| < 1},
where Dg(xq) denotes the linear map from N™ to N™ defined by the m x n Jacobian matrix of g
at xg:

(o) .- 9111(130)

1
2
(xo) g%(mo) Q%(iﬂo)

97" (xo) g5 (xo) ... g;'(x0)

with gi(xo) = gﬁ; (xo) for 1 <i<mand1<j<n.Then, forall e >0inN, there exists § >0 in
N such that |Dg(y)(z)| < (£+ €)|x| for all y € Bs(xo) and for all x € N™.

Proof. Let e > 0in N be given. Since g is C'* then for every i and j, there exists 5; > 0 in N such that
9 (z0) — gj(y)| < ﬁ whenever y € By (o). Let 0 = min{d% : i =1,...,m;j =1,...,n}. Then,

using the proof of Proposition 3.1, forall y € Bs(xo) we have that {|Dg(xo)(x) — Dg(y)(x)| : |x| < 1}
is bounded above by e. Thus, by Corollary 3.2, we have that |Dg(xo)(x) — Dg(y)(x)| < €|z| for all
y € Bs(xo) and for all z € N™. Therefore |[Dg(y)(x)| < €|z| + |Dg(xo)(x)|; and hence |Dg(y)(x)| <
(e + £)|x| forall y € Bs(xg) and for all z € N™. O

4. WLUD FUNCTIONS FROM N™ TO N™
In the rest of the paper, let A denote an open subset of N™; consequently, whenever we speak of a ball
Bs(x) around a point & in A, it is assumed that ¢ > 0 is small enough so that Bs(x) C A.

Definition 4.1 (Uniformly Differentiable). Let f : A — N™ be differentiable on A. Then we say that
fis uniformly differentiable on A if for all e > 0 in N, there exists § > 0 in N such that whenever
x,y € Aand |y — x| < § we have that |f(y) — f(x) — Df(x)(y — x)| < ely — x|

Definition 4.2 (Weakly Locally Uniformly Differentiable). Let A C N™ be open, let f : A — N, and
let xg € A be given. Then we say that f is weakly locally uniformly differentiable (WLUD) at x¢
if f is differentiable in a neighborhood X of xg in A and if for every e > 0 in N there exists 6 > 0
in N such that for all x,y € Bs(xo) NS, we have that

|f(y) — f(@) = Df(x)(y — )| < ely —=|.
Moreover, we say that f is WLUD on A if f is WLUD at every point in A.

Remark 4.3. [t is clear from the two definitions above that if f is uniformly differentiable on A
then f is WLUD at every point in A and hence f is WLUD on A.
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Proposition 4.4. let f: A — N™ be differentiable at x € A. Then f is continuous at x.

Proof. Let £, > 0 be an upper bound for {|D f(x)(y)| : |y| < 1}. Since f is differentiable at x, there
exists dp > 0 in N such that whenever y € Bs,(x), we have that |f(y) — f(z) — Df(x)(y —x)| <
£|y — x|. Let e > 0in N be given. Let § = min{do, 2—51[} Then for y € Bs(x) we have that

|[f(y) — f(x)| = |f(y) — f(x) - Df(z)(y —x) + Df(z)(y — )|
<I[f(y) — f(z) - Df(z)(y — )| + [Df(z)(y — z)|
< Lily — x|+ &y — =
= 2£x|y — x|
<280
<e.

Corollary 4.5. let f: A — N™ be differentiable on A. Then f is continuous on A.
Theorem 4.6. Let f : A — N™ be WLUD at o € A. Then f is C' at xo.

Proof. Let e > 0 in N be given. Then there exists d; > 0 in N such that f is differentiable on By, (zo)
and, for s,t € By, (xo), we have that

£(s) = F(t) = DF(t)(s — t)] < s — .

Let o =d1/2and leti € {1,...,m} and j € {1,...,n} be given. Then, for any € By, (x¢), we have
that

f'(x + 6265) — f'(x) — Df'()(62€5)] < R
That is,

, 4 €d
IHORSHCHIESS
Additionally, there exists d4 > 0 such that, for all s € Bs, (zo + 2€}), we have that

Fi(s) = [(@o + 6265)| < %

Let § = min{d, d3, 04} and let y € Bs(xq) be given. Then we have that
F{()d2 — f}(x0)d2| = | f*(z0 + 6265) — [ (w0) — f}(w0)d2
+ [ ()02 — f'(y + 6265) + f'(y)
+ [ (o) = ['(y) — ['(@0 + 0265) + ['(y + 526;))]
< |f'(@o + 8265) — f'(@0) — fj(20)d]
+ 1 (y + 0265) — f'(y) — f;(y)d]
1 (@o) = fH )| + [ (o + 5265) — ['(y + d265))
— 4 4 4 4
= €dy.
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Thus, for all y € Bs(xg), we have that
[fi(y) — fi(zo)| < e.

Thus, f;f is continuous at @ for all i € {1,...,m} and for all j € {1,...,n}; and hence f is C! at zq.
U

Corollary 4.7. Let f : A — N™ be WLUD on A. Then f is C' on A.

Remark 4.8. Theorem 4.6 and Corollary 4.7 show that the class of WLUD functions at a point
xq (respectively on an open set A) is a subset of the class of C! functions at xq (respectively on
A). However, this is still large enough to include all polynomial functions as Corollary 4.19 and
Corollary 4.20 below will show.

Lemma4.9. let f: A— N"be WLUD at xg € A. Then

Ve >035 > 03 (s,t € Bs(xo) = |f(t) — f(s) — Df(xo)(t —s)| < €|t —s]|). (4.1)

Proof. Let € > 0 in N be given. Since f is WLUD at x, there exists o > 0 in N such that f is
differentiable on By, (x¢) and, for all s,t € Bs,(x¢), we have that

£(t) = £(s) = Df(s)(t —5)| < 5[t —sl.

Moreover, since f is C! at xg by Theorem 4.6, there exists § > 0 in N, § < &, such that for all
s € Bs(xg), we have that

Df(s)(t — ) = Df (wo)(t —5)| < 5t — s|.
Thus, forall s,t € Bs(xo) C Bs,(x0), we have that
[f(t) — f(s) = Df(zo)(t — s)| = |f(t) - f(s) - D ( )(t —s)
+Df(8)(t—8) D f(xo)(t — s)
< |f(&) — f(s) = Df(s)(t - s)|
+|Df(s)(t —s) — Df(wo)(t — s)|.
< §|t—s|+§|t—s|

= €|t — s|.

Thus f satisfies (4.1). O

Proposition 4.10. Let L : N" — N™ be a linear transformation. Then L is uniformly differen-
tiable, and hence WLUD, on N"™.

Proof. As in the real case, L is differentiable with DL(x) = L for allz € N™. Let € > 0 in N be given.
Then for any s,t € N™ we have that

[L(s) = L(t) - DL(t)(s — t)| = |L(s) — L(t) — L(s — t)|
= |L(s—t)—L(s—1t)|=0.
Thus L is uniformly differentiable on N™. O

Proposition4.11. Let f,g: A — N be WLUD at xg € A; and let o € N be given. Then af + g is
WLUD at xq. That is, any linear combination of WLUD functions at xg is again WLUD at xy.
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Proof. 1f a = 0 then there is nothing to prove; so without loss of generality we may assume « # 0.
Since f and g are both WLUD at g, there exists §y > in N such that Bs,(xo) C A and such
that f and g are differentiable on Bj,(xo). It follows that af + g is differentiable on Bj, (o), with
D(af +g)(x) = aDf(x) + Dg(x) forall x € Bs,(x0).

Now let e > 0in N be given. Then there exists 6 > 0inN, 67 < do, such that forall s,t € B, (xo),

we have that
€

[f(s) = ft)—Df(t)(s—1)| < ool
Also, there exists 65 > 0in N, 64 < do, such that for all s, € Bs,(xo), we have that
l9(s) — 9(t) - Dg(t)(s — )] < 5|5 1.
Let § = min{d¢,dg}. Then0 < § < 6 and, for all s,t € Bs(xo), we have that
[(af +9)(s) — (af +9)(t) — D(af +g)(t)(s — )|
=laf(s) +g(s) — (af(t) +g(t)) — aDf(t)(s — t) — Dg(t)(s — t)|
<la[f(s) = () = Df(t)(s —t)]| + |g(s) — g(t) — Dg(t)(s — )|

€ €
§|a\m|5—t| +§|5—t\

=¢|ls — t|.

|s —¢t|.

O

Corollary 4.12. let f,g: A — N" be WLUD on A; and let o € N be given. Then af + g is WLUD
on A.

Theorem 4.13. Let f: A — N"™ be WLUD at xg € A and let g : C — NP be WLUD at f(xg) € C,
where A is an open subset of N, C an open subset of N™ and f(A) C C. Then go fis WLUD at
Zo.

Proof. There exists 6; > 0in N such that Bs, (z¢) C A and f is differentiable on By, (x¢), and there ex-
ists 93 > 0in N such that Bs, (f(xo)) C C and g is differentiable on By, (f(xo)). Since f is continuous
at xo by Proposition 4.4, we may assume that ¢; is small enough so that f(Bjs, (o)) C Bs,(f(x0)). As
in the real case, it follows that g o f is differentiable on By, (z¢), with

D(g o f)(x) = Dg(f(x)) o D f(x)
forall x € Bs, (xo).

Let £¢ > 0 be an upper bound for {|D f(xo)(y)| : |y| < 1} and let £4 > 1 be an upper bound for
{IDg(f(x0))(y)| : |ly| <1}. By Lemma 3.4, there exists d35 > 0 in N, d3 < d1, such that whenever
s € Bs,(xo) we have that |Df(s)(y)| < 2L¢|y| for all y € N™. Similarly, there exists d4 > 0 in N,
d4 < b2, such that whenever u € Bs, (f(xo)) we have that [Dg(u)(v)| < 2L4|v| forallv € N™.

Now let € > 0 in N be given. By definition, there exists dg > 0in N, §; < 4 < o, such that

€

_ _ _ < -

l9(w) — g(v) ~ Dglo)(w—v)| < g7 s

forall w,v € Bs,(f(xo)). Also, there exists 6 > 0in N, ¢ < d3 < 41, such that

[f(s) = f(t) = Df(t)(s — )| < E's —

lu — v

forall s,t € Bs(xo). Again, by the continuity of f at g, we may assume that § is small enough so that
f(Bs(xo)) C Bs, (f(zo))-
Let s,t € Bs(xo) be given. Then we have that

[f(s) = F()] < ils —t[+[Df(t)(s — )| < (e +285)[s — 2.
)
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Also, we have that f(s), f(t) € Bs,(f(z0)) € Bs,(f(x0)); and hence

€

l9(f(s)) —g(f(t)) — Dg(f(t))(f(s) — f(t))] < mlf(s) - f(@®)l.

Therefore, for all s,t € Bs(xo), we have that
l9(f(s)) —g(f(t)) — Dg(f(t)) o Df(t)(s — 1)
=lg(f(s)) — g(f(t)) — Dg(f(t))(f(s) — f(t))
+ Dg(f(t))(f(s) — f(t)) — Dg(f(t)) o Df(t)(s — )]
<lg(f(s)) —g(f(t)) — Dg(f(t))(f(s) — f(t))|
+|Dg(f(8))(f(s) — f(t) — Df(t)(s —1))]
<5t 35 )~ £+ 2201 (9) — £(0) ~ DF(E)(s — o)
g§|s — ] +2¢, Sg|s — ¢
_5‘8 — t‘ + 5‘8 — t‘
=¢ls — ¢t

Corollary4.14. Let f : A — N™be WLUD on Aand letg : C — NP be WLUD on C, with f(A) C C
Then go fis WLUD on A.

Lemma4.15. Let h: N> — N be given by h(x1,x2) = x129. Then his uniformly differentiable, and
hence WLUD, on N?; with Dh(z1,22) = (2 x1).

1

Proof. Let e > 0 in N be given. Let § = €. Then for all x = (331 ) and y = ( ) in N? satisfying
T2

Y2
ly — x| < d, we have that

|h(y) — h(z) — Dh(z)(y — )| = |h(y) — h(z) — (z2 21)(y — )|
= |y1y2 — 172 — 2(y1 — 1) — 21 (Y2 — 22)|
= |y1y2 — Tay1 — T1Y2 + 122

[(y1 — z1)(y2 — 22)|

ly — |

ely — x|.

IA A

O

Proposition 4.16. Let f,g: A — N be WLUD at xg € A (where A is, as before, an open subset of
N™). Then fgis WLUD at xo.

Proof. Define k : A — N? by

and let b : N? — N be as in Lemma 4.15 above. Then k is WLUD at &g and h is WLUD at k(xo). It
follows from Theorem 4.13 that fg = h o kis WLUD at xgq. O

Corollary 4.17. Let f,g: A — Nbe WLUD on A. Then fgis WLUD on A.
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Lemma4.18. Foreach j € {1,...,n}, the function f; : N* — N, given by
filxr,x, ... xp) = xj,
is uniformly differentiable, and hence WLUD, on N™.
Proof. Letj € {1,...,n} begiven. Thenforall x,y € N™ and for all o, 8 € N, we have that
filam + By) = (ax + By); = ax; + By; = afj(@) + Bfi(y)-

Hence f; is a linear transformation from N" to N. It follows from Proposition 4.10 that f; is uniformly
differentiable on N™. O

Using the results of Proposition 4.16 and Lemma 4.18, we infer that any monomial function is WLUD
on N [t then follows from Proposition 4.11 that any polynomial function is WLUD on N™.

Corollary 4.19. Let f : N™ — N be a polynomial function. Then f is WLUD on N™.
Corollary 4.20. Let f : N" — N be given by

fm
with f; a polynomial function from N toN foralli € {1,...,m}. Then f is WLUD on N".

4.1. Inverse Function Theorem

We start this section with some preliminary results needed to prove the inverse function theorem. Let
01 > 0in N be given, let ¢ € N'be such that 0 < ¢ < 1, and let ¢ : B, (0) C N™ — N be such that

|p(t)| < c|t| forall t € Bs, (0). (4.2)
Then ¢(Bs, (0)) € B, (0). Form € Nlet /™ = ¢po--- 0 ¢ and set ¢! = I (the identity map on N™).
—_——

m times
Using induction, it can be shown that, for all m € N, we have that

(a) @™ (Bs, (0)) C Bs, (0); and
(b)|l™ (#)| < ¢™|t| for all t € B, (0).

Lemma4.21. Let 6y > 0in N be given, let c € N be such that0 < ¢ < 1,and let ¢ : Bs, (0) C N" —
N" be continuous on By, (0) and satisfy (4.2). Let § € N be such that 0 < § < (1—¢)d; and let

P(t) =32 ol™(t), for all t € B;(0). Then, for all t € Bs(0), we have that

t
o (1) < =

sand
C

o p(t) — ()] =t.

Proof. Lett € Bs(0) be given. By (b) above, we have that ™ ()| < ¢™|t| for allm € N. Also, we have
that lim ¢™ = 0 since ¢ < 1 and the skeleton group of N is Archimedean. Thus, li_r)n |p™(t) =0

m—00

and hence >°°°_, ¢I™l(¢) converges in N. For each r € N, let 4,.(t) = 3.7 _, ™I (t). Then

o] ko) < 3 oo < 11 S e = 1
m=0

m=0
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Therefore, 1,.(t), ¥ (t) € Bs, (0) for all r € N. Furthermore,

r+1

— ot = qu[m] - Z o™ =1 — gl

and hence

r(t) = Pl (t)] =t — @I H2). (4.3)
[t is readily seen that 7411_}1(210 . (t) = 4(t), and so Tlgrolo o[, (t)] = P[1p(t)] since ¢ is continuous on
B;(0). Also, 7411_}1(1010 ¢ll(t) = 0. Thus, by letting 7 — oo on both sides of Equation (4.3), we obtain that
Y(t) — PlY(t)] =t. O

Lemma 4.22. Let g: A — N" be WLUD at t1 € A, with Jg(t1) # 0, where Jg(t1) denotes the
Jacobian (determinant) of g at t1; and let 1 = g(t1). Then there exist 6,n > 0 and a function
F defined on By(x1) such that:

(l) Bg(tl) g A,’

(ii) g|By(t,) is one-to-one;

(iii) By(x1) € g(Bs(t1)) and F(By(x1)) € Bs(t1);

(iv) g[F(x)] = x Va € By(x1); and

(v) Fis WLUD at 1 with DF(z1) = [Dg(t;)]!

Proof. Without loss of generality, we may assume that £; = 0 and «; = 0; for if this is not the case then
we can replace g(t) with g(¢) := g(t + t1) — 1. Since g is WLUD at 0, there exists wy > 0 in N such
that B,,,(0) C A and g is differentiable on B, (0). Also, since g is C! at 0 by Theorem 4.6, there exists
w1 > 0in N such that B, (0) C A and Jg(t) # 0forallt € B,,,(0). Let w = min{wp,w; }. By Lemma

4.9, g satisfies (4.1) at 0. Let L = Dg(0); then L~! exists since Jg(0) # 0. Let ¢ = I — L~ o g. Then
¢ is WLUD at 0 and differentiable on B,,(0). Moreover, we have that ¢(0) = 0 and

D¢(0)=D(I -L 'og)(0)=T-L 'oDg(0)=I—-L 'oL=0.

Let ¢ € N be such that 0 < ¢ < 1. Since ¢ satisfies (4.1) at 0, there exists dg > 0 in N such that
Bs,(0) C Aand, forall s,t € Bs,(0), we have that

[P(s) — &(t) — Dp(0)(s —t)| < c[s —¢t.
Since D¢(0) = 0, it follows that
|p(s) — @(t)| < c|s—t| forall s,t € B;,(0). (4.4)
Let s,t € Bs,(0) be such that g(s) = g(t). Then ¢(s) — ¢(t) = s — t. Using (4.4) above, it follows that
s —t| = |@(s) — @(t)| < cls — ¢t
Since ¢ is infinitely small, it follows that s = ¢ and hence 9|B50 (0) is one-to-one.
Let £ > 0 be an upper bound for {|L~1(t)| : |t| < 1}. Since g satisfies (4.1) at 0, there exists §, > 0
such that, for all s,t € Bs_(0), we have that
1
l9(s) —g(t) — L(s —t)| < o= s —t. (4.5)

Also, since g is C' at 0, it follows from Lemma 3.4 that there exists 64 > 0 in N such that, for all
s € Bs,(0) and for all z € N™, we have that | (Dg(s))"'@| < 2€ || . Let § = min {(1 — ¢)do, w, Iy, 54}
Then B;(0) C Bs,(0) C A and hence g|p;g) is one-to-one. This proves (i) and (ii).
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By (4.4), with t = 0, we have that |¢(s)| < c|s| forall s € Bs(0); thus, we have a function 4 with the
properties of Lemma 4.21. Let n = £(1 — ¢) and define F(x) = 4 (L~ (x)) forall @ € B,(0). Thus, for
allx € B,)(0), we have that

L @)] _ Ll=| _ %y

1-c¢ ~ (-0 (1—@:d

)| = |9 (L7 (z))| <

Hence F (B,(0)) C Bs(0). Furthermore, (I —¢)|p, ) = (L' 0 )|B (0 and by Lemma 4.21, we
have that
((I =) o)l p,0) = 5, 0) -
Thus,
(L 'ogo) ‘B(s(o) = I|p, 0
and hence

g (Y(t)) = L(t)forall t € Bs(0) .
Let z € B,(0) and sett = L~!(x). Then
t| < Llz| < Ln=(1-c)f <4
Thus, L~Y(z) € B;(0). It follows that
g(F(z)=g (¥ (L ' (z))) =L (L '(z)) ==zforallz € B,(0)
and hence B, (0) C g (B5(0)), since F(x) € Bs(0) forall x € B,(0). This proves (iii) and (iv).
Claim: |s — t| < 2£|g(s) — g(t)| for all s,t € Bs(0).
Let s,t € Bs(0). Then, by (4.5), |[g(s) — g(t) — L(s —t)| < % [t follows that

|s — ¢
—g(t)| > |L(s—1t)| — =
l9(s) —g®)] = |L(s —t)] - —=
—t —t
> |s£ |— |S2£ |,usingCorollary3.3
B |s — ¢
= 55

This completes the proof of the claim.

Now let € > 0in N be given. Since g|35(0) is WLUD at 0, there exists §; > 0in N, §; < 6, such that,
forall s,t € Bs, (0), we have that

€|s — t|
—g(t) — Dg(t)(s — )] < ——=—.
l9(s) —g(t) — Dg(t)(s —t)| < — =
Let & = L. Then
5 5
< = Z—(1—c¢)
0<g< oz <n=gl-o)

and hence B¢(0) C B,(0). Now let &,y € B¢(0) be given. Since B¢(0) C B,(0) C g (B5(0)), then
there exists tz,t, € B5(0) such that g(t;) = «, and g(ty) =y. Since F (B¢(0)) C F (5,(0)) C

B5(0) we get that F(g(ts)) — F(x) € Bs(0). Thus, g (F(a)) — g (F (g (tm))) g(tz) by (4.22).
Since g is one-to-one on Bs(0), it follows that F(x) = t,. Similarly F(y) = t,,. Moreover, we have

that
|te| = [tz — O] < 28|g(ts) — g(0)| = 2&|z — 0] < 2L¢ = 6.
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Thus, t; € Bs,(0); and similarly, we show that ¢, € Bs, (0). It follows that

9(t,) — glte) ~ Dylte)(t, — ta)] < o _tel

Note that (Dg(t)) " exists since Jg(t) # 0 for all t € B,,(0) 2 Bs(0). Now,
F(y) - F(2) - (Dg(ts)) "' (y — 2)| =|(Dg(ta) " (v — @ — Dyg(ts) (F(y) - F()))
<2Lly —x — Dg(ty) (F(y) — F(x))|
=28|g(ty) — g(tz) — Dg(ta)(ty — ta)|

~ [ € €ty —tz|
< [ —_ - 7Y
<28 (422) [ty = tol 28

€ _
<= (28)|g(ty) — g(ta
<509 lg(ty) ~ glta)
=e|ly — x|.

This shows that F is differentiable on B¢(0) C B,(0) with DF (x) = (Dg(t))"" where g(t) = «. Thus,
Fis WLUD at 0 with DF(0) = (Dg(0))". O

Theorem 4.23 (Inverse Function Theorem). Let g : A — N" be WLUD on A and let tog € A be such
that Jg(tg) # 0. Then there is a neighborhood ) of tg such that:

(i) gl is one-to-one;
(ii) g(Q) is open;
(iii) the inverse f of gla is WLUD on g(Q); and Df(x) = [Dg(t)] "' fort € Qand x = g(t).

Proof. Using Lemma 4.22, we can find a neighborhood € of ¢ such that g|q, is one-to-one. Also,
since g is C' on A by Corollary 4.7 and since Jg(tg) # 0, there exists a neighborhood €1 of ¢o such
that Jg(t) # 0 for all t € Q. Let Q C Q¢ N Q; be a neighborhood of tg. Then g|q is one-to-one. Let

f = (glo) ! with domain g(Q). Let t € Q and & = g(t). Lemma 4.22 applied to g|q at the point t gives
us 6,m, and F' as stated in that lemma. Since B, (x) C g(Bs(t)) C g(2) and g is one-to-one on €, it
follows that

g(F(y)) =y =g(f(y)) and hence F(y) = f(y) forally € B,(x).

Since each x € g(f2) has such a neighborhood B, (x) in g(£2), it follows that g(€2) is open. Moreover,
since F'is WLUD at « for all € g(€2) by Lemma 4.22, it follows that f is WLUD on g(£2). Finally,
using Lemma 4.22 again, we have that

Df(x) = DF(x) = [Dg(t)] " fort € Qand x = g(t).
]

As in the real case, the inverse function theorem will be used to prove the implicit function theorem.

4.2. Implicit Function Theorem

We start this final section with some notations that will be useful in the statement and proof of the
Implicit Function Theorem.

Notation 4.24. Let A C N™ be open and let ® : A — N™ be WLUD on A. For
t= (tl, vy bn—my Cn—m41s s tn) S A,
let

£ T 8((1)177(I)m)
t=(t1,...,tn—m) and J®(t) = det .
(o) () = ot g P
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Theorem 4.25. Let @ : A — N™ be WLUD on A, where A C N" is open and 1 < m < n.Lettg € A
be such that ®(tg) = 0 and J®(tg) # 0. Then there exist a neighborhood U of to, a neighborhood
Roftgand ¢ : R — N that is WLUD on R such that
J®(t) #0forallt €U,
and
{tcU:®(t)=0}={(t ¢(t):tc R}

Proof. Since ® is C* on A by Corollary 4.7 and since J®(tg) # 0, there exists a neighborhood Up of to
such that J®(t) # Oforallt € Uy. Let g : Uy — N" be defined as

gi(t) = t; 1<i<n-—-m

gn—m—i-j(t) = (I)](t) 1 S j s m.
Then g is WLUD on Uy and has the Jacobian matrix

)

0o .- 1 0 )
CY(t) o P (B) | Py (B) o i)

O7(t) - PR, (8)| QL (B) - D)

Thus, Jg(t) = J®(t) # 0 on Uy. Applying the Inverse Function Theorem (Theorem 4.23 above) to g at
to, we get a neighborhood U of tg in Uy such that g(U) is open, and g|i; is one-to-one. Additionally, g|¢r
has an inverse f whichis WLUD on g(U). Let R = {t € N*~™ : (£,0) € g(U)}. Then R is open since
g(U) is open. Let ¢ : R — N™ be defined as

G1() = fa-mp(t,0)  1<I<m.
Then
tcUand®(t)=0 < tc Randg(t) = (£,0).
Moreover, since g|y and f are inverses, it follows that
g(t) = (t,0) < t= f(t,0).
Thus,
{tcU:®(t)=0}={tcU:g(t) =(t0),tc R}
= {tcU:t=f(t,0),t € R}
={(t,p(t)) : t € R}.
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