ON THE COMPLEX LEVI-CIVITA FIELD: ALGEBRAIC AND
TOPOLOGICAL STRUCTURES, AND FOUNDATIONS FOR
ANALYSIS

KHODR SHAMSEDDINE

ABSTRACT. In this paper, we will introduce the complex Levi-Civita field C.
We start by reviewing the algebraic structure of the field; in particular, C is
the smallest non-Archimedean valued field extension of the complex numbers
field C that is algebraically closed and complete in the valuation topology.

Two topologies on C will be studied in detail: the valuation topology induced
by a non-Archimedean valuation on the field, and another weaker topology
induced by a family of seminorms, which we will call weak topology. We show
that each of the two topologies results from a metric on C and that the valuation
topology is not a vector topology while the weak topology is. Then we give
simple characterizations of open, closed, and compact sets in both topologies.

Finally, we define continuity and differentiability for a C-valued function at
a point or on a subset of C, we present key results for such functions, and we
set the foundations for a Cauchy-like analysis theory on the field C.

1. INTRODUCTION

In this section we introduce the Levi-Civita field R and its complex counterpart
C, and we briefly review their algebraic properties. We recall that the elements of
R and C are functions from Q to R and C, respectively, with left-finite support
(denoted by supp). That is, below every rational number g, there are only finitely
many points where the given function does not vanish. For the further discussion,
it is convenient to introduce the following terminology.

Definition 1.1. (A, ~, =, =,) For z # 0 in R or C, we let A\(z) = min(supp(z))
which exists because of the left-finiteness of supp(x); and we let A(0) = 400
Moreover, we denote the value of = at ¢ € Q with brackets like z[q].

Given z,y # 0 in R or C, we say x ~ y if A(z) = A(y); and we say = ~ y
if AM(z) = A(y) and z[A(z)] = y[A(y)]. Finally, for any ¢ € Q, we say z =, y if
z[p] = y[p] for all p < ¢ in Q.

At this point, these definitions may feel somewhat arbitrary; but after having
introduced an order on R, we will see that \ describes orders of magnitude, the
relation & corresponds to agreement up to infinitely small relative error, while ~
corresponds to agreement of order of magnitude.
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2 K. SHAMSEDDINE

The sets R and C are endowed with formal power series multiplication and
componentwise addition, which make them into fields [14, 19] in which we can
isomorphically embed R and C (respectively) as subfields via the map F : R,C —
R, C defined by

_Jx ifqg=0
peld={§ 547" (11)
Definition 1.2. (Order on R) Let z,y € R be given. Then we say that z >y
(ory < xz)ifx # yand (z — y)[Mx —y)] > 0; and we say © > y (or y < x) if
r=yorz>y.

It follows that the relation > (or <) defines a total order on R which makes it
into an ordered field. Moreover, the embedding F in Equation (1.1) of R into R
is compatible with the order.

The order leads to the definition of an ordinary absolute value on R:

|z|, = max{x, —x} = v ifr=0
° ’ —x ifx <0;

which induces the same topology on R (called the order topology or valuation
topology, and denoted by 7,) as that induced by the ultrametric absolute value:

| = e @ if 1 £ 0
10 if =0,

as was shown in [18]. Moreover, two corresponding absolute values are defined
on C in the natural way: for z =z 4+ 1y € C, with z,y € R,

z[o = Va*+y? and

e if 2 £0

2l =
Thus, C is topologically isomorphic to R? provided with the product topology
induced by |-|, (or |-]) in R.
We note in passing here that || is a non-Archimedean valuation on R (resp.
C); that is, it satisfies the following properties
(1) Ju| >0 for all v € R (resp. v € C) and |v| = 0 if and only if v = 0;
(2) Jvw| = |v|Jw]| for all v,w € R (resp. v,w € C); and
(3) |v + w| < max{|v],|w|} for all v,w € R (resp. v,w € C): the strong
triangle inequality.
Thus, (R, |-|) and (C,|-|) are non-Archimedean valued fields. Moreover, the map
A:R xR —R (resp. A:C xC — R), given by

e~ ANu=v) if g £y
A(“’“):{o ifuiv

is an ultrametric on R (resp. C) which makes it into an ultrametric space.
Besides the usual order relations on R, some other notations are convenient.

Definition 1.3. (<,>>) Let 2,y € R be non-negative. We say x is infinitely
smaller than y (and write z < y) if nx < y for all n € N; we say x is infinitely



ON THE COMPLEX LEVI-CIVITA FIELD 3

larger than y (and write z > y) if y < z. If x < 1, we say z is infinitely small;
if x > 1, we say z is infinitely large. Infinitely small numbers are also called
infinitesimals or differentials. Infinitely large numbers are also called infinite.
Non-negative numbers that are neither infinitely small nor infinitely large are
also called finite.

Remark 1.4. For £, € R (resp. £, ¢ € C), we have that

[€lo < I¢lo = [€] < [C] & ALE) > A(Q)-
Moreover, for £ # 0 in R (resp. C), we have that

£~ [Elo~ 1 and [¢] = 1.

Definition 1.5. (The Number d) Let d be the element of R given by d[1] =1
and d[t] = 0 for t # 1.

It follows that, given a rational number ¢, then d? is given by

1 ift=gq
q _
dt] = { 0 otherwise.

It is easy to check that 0 < d? < 1 (resp. |d4] < 1) if ¢ > 0, and d? > 1 (resp.
|d?) > 1) if ¢ < 0 in Q. Moreover, for all £ € R (resp. C), the elements of supp(§)
can be arranged in ascending order, say supp(§) = {q1, q2, . . .} with ¢; < gj41 for

all j; and & can be written as £ = ) &[q;]d%, where the series converges in the
j=1
valuation topology.

Altogether, it follows that R (resp. C) is a non-Archimedean field extension of
R (resp. C). For a detailed study of these fields, we refer the reader to the survey
paper [19] and the references therein. In particular, it is shown that R and C are
complete with respect to the natural (valuation) topology.

It follows therefore that the fields R and C are just special cases of the class
of fields discussed in [13]. For a general overview of the algebraic properties of
formal power series fields in general, we refer the reader to the comprehensive
overview by Ribenboim [10], and for an overview of the related valuation theory
to the books by Krull [8], Schikhof [13] and Alling [!]. A thorough and complete
treatment of ordered structures can also be found in [9]. A more comprehensive
survey of all non-Archimedean fields can be found in [3].

Besides being the smallest ordered non-Archimedean field extension of the real
numbers that is both Cauchy complete in the order topology and real closed [14],
the Levi-Civita field R is of particular interest because of its practical usefulness.
Since the supports of the elements of R are left-finite, it is possible to repre-
sent these numbers on a computer; and having infinitely small numbers in the
field allows for many computational applications [1, 7]. One such application
is the computation of derivatives of real functions representable on a computer
[16], where both the accuracy of formula manipulators and the speed of classical
numerical methods are achieved. Similarly, C is the smallest non-Archimedean
valued field extension of C that is Cauchy complete in the valuation topology and
algebraically closed.
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2. THE TOPOLOGICAL STRUCTURE OF C

In this section, we study two topologies on C: one induced naturally by the
valuation | - | mentioned in the introduction above, which we call the valuation
topology, and another weaker topology induced by a family of seminorms, which
we call weak topology.

2.1. Valuation Topology 7,. We start this subsection by recalling that the
valuation topology is induced by the non-Archimedean valuation |-| : C — R
given by

2] = e if 2 #£0
10 if 2z=0

or, equivalently, by the ultrametric A : C x C — R given by A(z,&) = |z — ¢|.
Definition 2.1. For z € C, r > 0in R, and £ > 0 in R, let
B,(z,7) = {£e€C:|{—2 <1}
Bylz,r] = {{e€C:|{—2 <r}
B,(z,t) = {£€C:|&—z, <t}
Bolz,t] = {€eC:|¢—2l, <t}
It is easy to check that the family of sets
7, :={0 CC:Vz € O,3r >0 in R such that B,(z,7) C O}
is indeed a topology on C. Moreover,
7, ={ACC:Vze€ A 3t >0in R such that B,(z,t) C A}.

That is, the ordinary absolute value |- |, and the non-Archimedean absolute value
| - | induce the same topology, namely 7,, on C.

Definition 2.2. Let A C C. Then we say that A is open in (C,7,) if A € 7,. We
say that A is closed in (C,7,) if its complement C \ A € 7.

Like in any ultrametric space, each ball of the form B, (z, ) or B, [z, 7] with
2o € C and r > 0 in R, is both open and closed (clopen) in (C,7,) [3, Theorem
1.6].

Definition 2.3. Let A C C. Then we say that A is compact in (C,7,) if every
open cover of A in (C, 7,) has a finite subcover.

Remark 2.4. Since T, is induced by a metric on C, it follows by the Borel-Lebesgue
Theorem (see for example [, Section 9.2]) that A is compact in (C, 7,,) if and only
if A is sequentially compact.

Theorem 2.5. (C,7,) is a totally disconnected topological space. It is Hausdorff
and not locally compact. There are no countable bases. The topology induced to
C 1is the discrete topology.

Proof. Let A C C contain more than one point; and let ( # £ in A be given. Let
Gi={z€eC:|z—=¢ <|¢(=¢} and Gy, =C\ G;.
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Then G, and G, are disjoint and open in (C,7,); £ € GiNA and ¢ € GyN A; and
A C G;UG, = C. This shows that any subset of (C, 7,,) containing more than one
point is disconnected; and hence (C,7,) is totally disconnected. It follows that
(C,7,) is Hausdorff. That (C, 7,) is Hausdorff also follows from the fact that it is
a metric space [0, p. 66, Problem 7(a)].

To prove that (C,7,) is not locally compact, let z € C be given and let U be a
neighborhood of z. We show that the closure U of U is not compact. Let € > 0
in R be such that Ine € Q and B,(z,¢) C U; and consider the sets

My, = C\BU(Z,E);
M, = {{€C:—Ine+n—1<Af—2) < —Ine+n} forneN.

Then it is easy to check that M, is open in (C,7,) for all n > 0 and that
Ui M, ={{e€C:N{—2) > —Ine} = B,(z,¢). It follows that |-, M, =C
and hence U C |J7, M,,. But it is impossible to select finitely many of the M,’s
to cover U because each of the infinitely many elements &, := z + d~ ¢ of U,
n=1,2,3,..., is contained only in the set M,.

There can not be any countable bases because the uncountably many open sets
My = B,(Z,1/2), with Z € C, are disjoint. The open sets induced on C by the
sets My are just the singletons {Z}. Thus, in the induced topology, all sets are

open and the topology is therefore discrete. O

Remark 2.6. A detailed study of the properties in Theorem 2.5 reveals that they
hold in an identical way in any non-Archimedean valued field, and thus the above
unusual properties are not specific to C.

As an immediate consequence of the fact that (C,7,) is not locally compact,
we obtain the following result.

Corollary 2.7. None of the balls B,(zo,7), By[20,7], Bo(20,1), or B,|zo,t] are
compact in (C,,) for all zo € C, >0 in R and t >0 in R.

Since 7, is induced on C by the ultrametric valuation |- |, we define boundedness
of a set in (C,7,) as follows.

Definition 2.8. Let A C C. Then we say that A is bounded in (C,7,) if there
exists M > 0 in R such that |z| < M for all z € A.

Proposition 2.9. Let A be compact in (C,7,). Then A is closed and bounded in
(C,7y). Moreover, A has an empty interior in (C,T,); that is,

int,(A) :=={a€ A:3r>0inR> B,(a,r) C A} = 0.

Proof. That A is closed in (C, 7,) follows from the fact that (C,7,) is a Hausdorff
topological space and A is compact in (C,7,) [I1, p. 36].

Now we show that A is bounded in (C,7,). For each n € N, let G,, = B,(0,n).
Then, for each n € N, G,, is open in (C, 7,). Moreover, A C |J,,cy Gn = C. Since
A is compact in (C, 7,), we can choose a finite subcover; thus, there is m € N and
there exist j; < jo < ... < Jn in N such that

AC UGjl = Gjm = Bv<07jm>
=1
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It follows that |z| < j,, for all z € A, and hence A is bounded in (C, 7).

Finally, we show that int,(A) = (). Assume to the contrary that int,(A) # 0.
Then there exist zg € A and r > 0 in R such that B,(zy,7) C A. Since B,(zo,7)
is a closed subset of the compact set A, it follows that B,(zp,7) is compact in
(C,7,), which contradicts Corollary 2.7. O

The following examples show that there are countably infinite closed and
bounded sets that are not compact and there are uncountable sets that are com-
pact in (C, 7,).

Example 2.10. Let A = [0,1] N Q. Then, clearly, A is countably infinite and
bounded in (C, 7,). We show that A is closed in (C, 7,). Let z € C\ A be given and
let Gy = By(z,1/2). If GoN A # () then there exists ¢ € A such that GoNA = {¢}.
Let r = |¢ — 2| and let G = B,(z,7). Then G is open in (C,7,) and G N A = 0.
Thus, C \ A is open, and hence A is closed in (C, 7,).

Next we show that A is not compact in (C,7,). For each ¢ € A, let G, =
B,(g,1/2). Then G, is open in (C,,) for each ¢ and A C |J,, G, but we can’t
select a finite subcover since each t € A is contained only in Gy.

Example 2.11. Let Cr denote the Cantor-like set constructed in the same way
as the standard real Cantor set C'; but instead of deleting the middle third, we
delete from the middle an open interval (1 — 2d) times the size of each of the
closed subintervals of [0, 1] at each step of the construction. Then C% is compact

in (C,7,).

It turns out that if we view C as an infinite dimensional vector space over C
then 7, is not a vector topology; that is, (C, 7,) is not a linear topological space.

Theorem 2.12. 7, is not a vector topology.

Proof. Assume to the contrary that 7, is a vector topology. Then, by continuity
of scalar multiplication, there exists an open set O¢c C C and there exists an open
set O¢ C C such that az € B,(1,1/2) for all @ € O¢ and for all z € O¢. Let
ag € Oc¢ and zy € O¢ be given. Since Oc¢ is open in C, there exists r > 0 in R
such that Be(ag,2r) := {8 € C: |8 — aplo < 2r} C O¢. Hence

apzo € By(1,1/2) and (g + 7)20 € B,(1,1/2).

Since apzo € By(1,1/2), it follows that |cgzo — 1| < 3 and hence |zo| = |apzo| = 1.
Using the strong triangle inequality, we obtain that

rz0| = [[(a0 +7)20 — 1] = ez — 1]]
< max{|(a0+r)zo—1|,|aozo—1|}<5,
which contradicts the fact that |rzg| = 1, since |r| =1 = |z|. O

Since any normed vector space, with the metric topology induced by its norm, is
a linear topological space ([1] Proposition II1.1.3), we readily infer from Theorem
2.12 that there can be no norm on C that would induce the same topology as T,
on C.
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2.2. Weak Topology. In the following, we will think of C as an infinite-dimensional
vector space over C. We define a family of semi-norms on C, which induces a
topology weaker than the valuation topology, called the weak topology.

Definition 2.13. Given r € R, we define a mapping || - ||, : C — R as follows:
2], = max{[z[q]|, : ¢ € Q and ¢ < r}.

The maximum in Definition 2.13 exists in R since, for any r € R, only finitely
many of the z[g]’s considered do not vanish.

Definition 2.14. For z € C and r > 0 in R, we define
By(z,r) = {£€C:||§— 2| <r}and
Bylz,r] = {£€C:||& =21y <1}

Lemma 2.15. Let 0 < ry < ry be given in R, let r = min{ry,r — o}, and let
z € C be given. Then for all £ € By(z,r), we have that B,,(§,12) C By(z,71). In
particular, By (z,1m2) C By(z,71).

Proof. Let £ € By (z,r) be given; we show that B, (&,72) C By(z,71). So let
¢ € By(&,72) be given. Then ||¢ — &]|1/r, < r2. It follows that

1€ —2llim < NC—=2ll1ym SNC—Elliym + 1€ — 2ll1/m
< re+ 1€ = zliym
< 1o+ (1€ = 2l
< rg+r <yt (1 =)
= 7.
Thus ¢ € By(z,r1) for all ¢ € By, (§,r2); and hence By, (€,r2) C By(z,71).
Finally, since z € By, (z,r), it follows that B, (z,72) C B,(z,71). O

Proposition 2.16. The family of subsets of C
Tw :={0 CC:¥z € O,3r >0 in R such that B,(z,7) C O}
s a topology on C.

Proof. Let {O4}aca be a collection of elements of 7,,. We show that UaeA O, €
Tw. S0 let z € UaeA O, be given. Then there exists oy € A such that z € O,,.
Since O,, € Ty, there exists r > 0 in R such that B,(z,r) C O,,. Thus,
Bu(z,7) C Unea Oa-

Next we show that 7, is closed under finite intersections: It suffices to show that
if 01,049 € 1, then O1NOy € 7. So let O, 05 € 7, and let z € O;NO; be given.
Then there exist 1,73 > 0 in R such that B, (z,71) C O1 and B, (z,r2) C Oy. Let
r = min{ry,72}. Then, using Lemma 2.15, we obtain that B, (z,r) C By(z,7r1) C
Oy and B, (z,7) C By(z,72) C Os. Thus, By, (z,7) C O1 N Os.

That () and C are both elements of 7, is clear. It follows that 7, is a topology
on C and hence (C,7,) is a topological space. O

As Theorem 2.17 and Theorem 2.18 below will show, there is a translation
invariant metric on C that induces the topology 7, on C.
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Theorem 2.17. The map A :C x C — R, given by

o0

_ iz =&l
A(z,€) _;2 T €l (2.1)

1s a translation invariant metric.

Proof. A is positive-definite: It is clear that A(z,£) > 0 for all z,£ € C. Moreover,
for all z,£ € C,

Az,6) =0 < |z—=¢|[r=0forallkeN
& (z=9lgl=0forall g <kinQ, forall k e N
S (z=9lgl=0forall g €Q
& z=¢E.

A is symmetric: For all z, £ € C, we have that

S el o €=l
A =2 T T T Y Tl A6

A satisfies the triangle inequality: Let &, (, z € C be given. Then, for all £ € N,
we have:

e—alle _ 1 - 1
T+ €~ Clle T lE—Cle = THTE— 2l £ 1C—2Is
€ — 2|l 1€ = 2||x

T+ Al =2l T+ [e— =T+ 1= =1
€=l | I¢—zle
T+ =4l T+ ¢ Il

Thus,
NP S s I
€0 = 22 e,
=k I ok lIC =2l
= 22 1+||£—Z\|k+z_: T+[C— [k
= A& 2) + A 2).

Finally, for all £, (, z € C, we have:

iQ—k 1€+ 2) = (C+ 2)lw

Al +z(+z) = 2" 14+ 2) = (C+ 2l
_ gk €=l
2 = ol



ON THE COMPLEX LEVI-CIVITA FIELD 9

Next we will show that the metric A introduced above induces the same topol-
ogy on C as the weak topology 7.

Theorem 2.18. Let 7o denote the topology induced by the metric A in Equation
(2.1). Then A = Ty.

Proof. First we show that 7o C 7,,: Let O € 7a, and let z € O be given. Then
there exists r > 0 in R such that

Ba(z,7):={£€C:A(z,&) <r}CO.
Let j € N be such that j > 2/r. Then
1
977 < = < L.
<j < 9
We show that B, (z,1/j) C O: Let £ € B, (z,1/j) be given. Then ||z—£||; < 1/5.
It follows that

1 1
HZ—§H1¢<3§Efor1§k§j,

Thus,
. z =&l
A(z,&) = 2 kH—
; L+ [|z =&l
_ 22 N sz |2 — &1l
e B EEr] PR < Al ) PRy
< 22 “lz =€k + Z 27"
k=j+1
1 .
)= k=1
1 .
< - +27
J
- r+7’
-+ - =
2 2

Hence £ € Ba(z,7) C O. Thus, By(z,1/j) C O. This shows that O € 7,,.

Next we show that 7, C 7a: Let O € 7,; and let z € O be given. Then there
exists M € R such that 0 < M < 1 and B, (z, M) C O. Choose j € N such that
j > 1/M. We show that Ba (z, M27UTV) C O. So let £ € Ba (2, M27U*D) be
given. Then

2% T =l
Thus,
. — £ M — <l M
2’]—HZ £l < —277; and hence —”Z £l < —=
L+llz=yll; 2 L+lz=¢ll; 2
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It follows that

M
||z—§||j<m<MsinceO<M<1.

Therefore,
Iz = &llyar < Iz = €ll; < M;
and hence £ € By, (2, M) C O. Thus, Ba (z, M2-U*D) c O. This shows that

Oer A - O
It turns out that the weak topology is the most useful topology for considering
convergence of sequences and series in general; see [15] and the references therein.

Moreover, it is of great importance for the implementation of the R calculus on
computers [10].

Definition 2.19. Let A C C. Then we say that A is open in (C,7,) if A € 7.
We say that A is closed in (C, 7,) if its complement C \ A € 7.

Since, by Theorem 2.18, 7, is induced by a metric on C we define compactness
in (C,7,) just as we did in (C, 7,)- see Definition 2.3- and as in any other metric
space. Moreover, the following result follows readily.

Proposition 2.20. Let A C C. Then A is closed in (C, 1) if and only if whenever
(an)nen 18 a sequence of elements in A that converges in (C,7,) to a € C, then
ac A

Proposition 2.21. (C,7,) is a Hausdorff topological space. The topology induced
on C by the weak topology is the usual topology on C.

Proof. That (C,7,) is a Hausdorff topological space follows from the fact that it
is a metric space.

Considering elements of C, their supports (when viewed as elements of C) are
all equal to {0}. Therefore, the open sets in (C, 7,,) correspond to the open subsets
of C in its usual topology. O

Proposition 2.22. Let G C C be open in (C,7,). Then G is open in (C,1,).

Proof. Let z € G be given. Then there exists r > 0 in R such that B, (z,7) C G.
Let n € N be such that n > 1/r. We show that B, (z,e™") C G.

Let ¢ € B,(z,e™) be given. Then |¢ — z| < e Thus, e 72 < ™
and hence A(§ — z) > n. It follows that (£ — z)[g] = 0 for all ¢ < n. In
particular, (£ — z)[g] = 0 for all ¢ < 1/r; and hence || — z||1, = 0 < r. Thus,
¢ € By(z,r) C G for all £ € B, (z,e™). It follows that B, (z,e™™) C G, and
hence G is open in (C, 7). O

The following example shows that the converse of Proposition 2.22 is not true.
Example 2.23. The ball B,(0,1) is open in (C,7,); but we show that it is not
open in (C,7,). Let 7 > 0 in R be given. Let z = (r/2)d™!; then z ¢ B,(0,1)
since |z — 0| = |z| = e > 1, but z € B,(0,r) since ||z||1/» = r/2 < r. It follows
that B, (0,7) ¢ B,(0,1) for all » > 0; and hence B,(0, 1) is not open in (R, 7).

Remark 2.24. Similarly, we can show that none of the balls B,(zo, 1), By[20,7],
B, (20, 1), or B,|zo,t] are open in (C,7,) for all zp € C, r > 0in R and ¢t > 0 in R.
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It follows from Proposition 2.22 and Example 2.23 that the weak topology is
strictly weaker than the valuation topology (7, & 7,).

Corollary 2.25. Let A C C be closed in (C,7,). Then A is closed in (C,T,).
Corollary 2.26. Let A C C be compact in (C,7,). Then A is compact in (C, 7).

One of the advantages of the weak topology 7,, over the valuation topology 7,
is that the former is a vector topology as the following theorem shows while the
latter is not (Theorem 2.12).

Theorem 2.27. (C,1,) is a linear topological space; that is, T, is a vector topol-
0gy.

Proof. First we show that + is continuous on (C,7,) X (C,7,). Let O be open
in (C,7,). We need to show that the inverse image A of O under + is open in
(C,Tw) X (C,Ty). So let (z1,29) € A be given. Then z; + 2o € O. Since O is
open in (C,7,), there exists r > 0 in R such that B,(z; + z2,7) C O. Now let
€ € By(z1,7/2) and ¢ € B, (22,7/2) be given. Then

1€+C—(z1+ 22|y < NE= 21l + 1€ — 221
< [[§ = 21llayr + (I = 22|27
< r -+ !

—+-=r
2 2

Thus, £ + ¢ € By(z1 + 22,7) C O; and hence (¢,() € A. It follows that
Buy(21,7/2) X By(22,7/2) C A. Hence A is open in (C, 7,) X (C, Ty).

Next we show that scalar multiplication - : C x (C, 7,) — (C, 7y,) is continuous.
Let O be open in (C,7,) and let S denote the inverse image of O under -. We
show that S is open in C x (C,7,). So let («,2) € S be given. Then az € O.
Hence there exists r > 0 in R such that B, (az,r) C O.

First assume that @ = 0, then az = 0. As a first subcase, assume that
|2][1/» = 0. Then we claim that Bc(0,1) x By(z,7) C S: Let § € Be(0,1) and
¢ € By(z,r) be given. Then

1Bl e = 1Bloll€llyr < 1]l
< &=zl + 12l
= 1€~ 2l
< T

Thus, B¢ € B, (0,7) C O and hence (5,£) € S. As a second subcase, assume
that [|z|1/» # 0. Let

1 T

ry=min< —, —— ».
{2 2\|Z|!1/r}
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Then 7 > 0 and r; € R. We claim that Bc(0,71) x By(z,7) C S: Let g €
Be(0,7r1) and € € By (z,7) be given. Then
1Bl = N8 = 2) + Bzllyr
1Bloll€ = zll1/r + 1Bloll 2l
rir + | 2]y
7+ gl
—r + ——— |zl =1
2" 2l

Thus, ¢ € B,(0,7) C O and hence (5,&) € S.
Now assume that o # 0. Let

. T r
r=mms -, ——
! 2" 2|,

1/2 if [|2]fy/r = 0

IN A IA

and

77:
min{%, m} if [|2|1/r # 0.

Then 71 > 0 and > 0 in R. We claim that Bc(a,n) x By,(z,r1) C S: Let
B € Be(a,n) and € € B, (z,71) be given. Then

18§ = azllir = (B =a)(§—2)+ (6 —a)z+al§ = 2)[y
< B =aloll€ = zllyr + 18 = aloll2ll1/r + laloll€ = 2]l

Since r; < r/2 < r, we have:

1€ = 2l < M€= 2llym <71 < %%I and hence |al[|§ — 2[l1/r < g
Also
18 = alolle = 2llyr < 18— alors <5 < 7
and
18— alollzllr < nllzllyr < 5.
Altogether, we get that
18€ — azllur < £+£+ g =
Thus, 8¢ € By,(az,r) C O and hence (5,€) € S. O

Because of the continuity of addition, it is easy to see that the mapping of
translation by a fixed zy € C (that is, the map z — z + 2, z € C) is a home-
omorphism of C onto itself. For this reason, the neighborhood structure at any
point of C is the same as the neighborhood structure at 0; and it is sufficient to
study the neighborhoods of 0 (henceforth referred to as the zero-neighborhoods.)
Before we start our discussion of the zero-neighborhoods, we recall the following
definitions.

Definition 2.28. Let A C C. Then
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(a) We say that A is circled if oz € A for every z € A and every a € C
satisfying |af, < 1.

(b) We say that A is absorbing if for every z € C there exists ¢ > 0 in R such
that tz € A for every t € C satisfying |t], < 6.

Lemma 2.29. For all r > 0 in R, the ball B,,(0,r) C C is circled and absorbing.

Proof. Let r > 0 in R be given. First we show that B,(0,r) is circled. So let
z € B,(0,7) and let o € C be such that |a|, < 1. Then

lezllym = ladoll2llim < Ml2ll1pm <73

and hence az € B, (0, 7).
Next we show that B, (0,7) is absorbing. So let z € C be given. We need to
find § > 0 in R such that tz € B, (0,r) for every ¢t € C satisfying |t|, < d. Let

2\\z7|]1/r if H’ZHI/T #0

1 if [|2|1/r = 0.
Then § > 0 in R. Moreover, for t € C satisfying |t|, < §, we have:
[#2]l1/r = [tloll2ll1/r < 0ll2]l1/e <75
and hence tz € B, (0,7). O

Of the family of circled and absorbing open balls {B,(0,7) : 0 < r € R}, we
can select a countable local base for the topology 7, at 0.

Proposition 2.30. {B,(0,q) : 0 < ¢ € Q} is a local base for 1, at 0.

Proof. We need to show that for each O € 7, that contains 0, there exists ¢ > 0
in Q such that B,,(0,q) C O. So let O € 7, be given such that 0 € O. Then there
exists r > 0 in R such that B, (0,r) C O. Let ¢ € Q be such that 0 < ¢ < r.
Then it follows from Lemma 2.15 that B,,(0,q) C B,(0,7) C O. O

Corollary 2.31. {B,(0,q) : 0 < ¢ € Q} is a countable base for the zero-
neighborhoods in (C,1,). That is, for each zero-neighborhood N there exists ¢ > 0
in Q such that B,(0,q) C N.

Remark 2.32. Tt follows from the above discussion of the open weak balls B,,(0, )
that B, [0, 7] too is a circled and absorbing zero-neighborhood for each r > 0 in R.
Moreover, {B,[0,q] : 0 < g € Q} is a countable base for the zero-neighborhoods
in C.

Recall that in a Banach space a set is called bounded if it is bounded in norm.
However, the appropriate generalization of this is not so obvious for spaces with
no norm. Even in metric spaces problems can arise. If we try to mimic the
Banach space situation and say that a set is bounded in (C,7,) if and only if
it is contained in some metric ball (using for example the metric of Theorem
2.17 which, by Theorem 2.18, induces the topology 7, on C), then we have a
problem: C and hence any subset of C is bounded since all of C is contained in
a ball of radius one! We define boundedness of a set in (C,7,) as in any other
linear topological space (see, for example, [12, p. 8]).
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Definition 2.33. Let A, B C C. Then we say that B absorbs A or that A is
absorbed by B if there exists p > 0 in R such that A C aB for all a € C satisfying

lal, > p. We say that A is bounded in (C, 7,,) if every zero-neighborhood absorbs
A.

Proposition 2.34. Let A C C be compact in (C,7,). Then A is closed and
bounded in (C,T,).

Proof. That A is closed in (C, 7,,) follows from the fact that (C, 7,) is a Hausdorff
topological space [11, p. 36].

Now we show that A is bounded in (C, 7). We need to show that every zero-
neighborhood in (C, 7,) absorbs A. So let U be a zero-neighborhood in (C, 7).
Then there exists r > 0 in R such that B, (0,7) C U. Let V = B,,(0,7/2); then
V+V CB,(0,r) CU,forif 2,6 € V then

I+ €llye < llzllye + ellyr < Dzllose + lElloye < 5 +5 =
The family of sets {a+V : a € A} is an open cover of A in (C, 7,). By compactness
of A, we can select a finite subcover: Thus, there exists n € N and there exist
ai,...,a, € Asuch that A C Jj_,(a; +V). Since V = B,(0,7/2) is absorbing
in (C,7y,), there exists p > 1 in R such that a; € oV for all j € {1,...,n} and
for all a € C satisfying |a|, > p. Thus for each 7 = 1,...,n we have that

aj+V Caj+aV CcaV+aV =aV+V)CaU
all a € C satisfying |a|, > p. Hence

ACU(aj+V)C0zU

j=1
for all a € C satisfying |a|, > p. Thus, U absorbs A. O
Proposition 2.35. B,(0,1) is not bounded in (C, Ty).

Proof. 1t suffices to show that B,(0,1) is not absorbed by B,(0,1). That is, it
suffices to show that, for all a # 0 in C, there exists z € B,(0,1) such that
z ¢ aB,(0,1). Solet a # 0 in C be given. Let z = 2ad. Then z € B,(0,1) but
z ¢ aB,(0,1) since ||z]|1 = 2|al, > |afo. O

Remark 2.36. Similarly, we can show that none of the balls B,(zo,7), By|z0, 7],
By(z0,t), or B,[zo,t] are bounded in (C,7,) for all zp € C, r > 0in R and ¢t > 0
in 'R.

Corollary 2.37. None of the balls B,(zo,7), By[20,7], Bo(z0,t), or Bo[zo,t] are
compact in (C,7,) for all zo € C, r >0 in R andt >0 in R.

Proposition 2.38. For all r > 0 in R, B,[0,7] is closed but not bounded and
hence not compact in (C,1,). Thus, (C,T,) is neither locally bounded nor locally
compact.

Proof. Let £ € C\ By,[0,r]. Then [[{||1/» > 7. Let
= minflgl — v
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Then ¢t > 0 in R. We show that B, (&, t) C C\ B,|[0,7]: Let z € B, (&, t) be given.
Then ||§ — 2|1t = ||z = &|l1¢ < t. Tt follows that

1€ll1/r = 1€ = 2l1/r

€]l = 11& = 2ll1e

1€l[1/r —

1€ll1/r = ([1Ell1yr —7) =7

This shows that z ¢ B, [0,r] for all z € B,,(§,t) and hence B, (§,t) C C\ B,|0,7].
It follows that C\ B, |0, r] is open in (C, 7,,), and hence B, [0, r] is closed in (C, 7).

To show that B, [0, 7] is not bounded in (C, 7,), it suffices to show that there
exists a zero-neighborhood in (C, 7,,) which does not absorb B,[0,r]. Let ¢ € Q

be such that
< < _‘[“'I] 1
q 27 o

We show that B, [0, 7] is not absorbed by B,, (0, q). Let o # 0 in C be given. Let
2z = 2aqd"/?. Then

1]l

vV VvV IV IV

I2ll1/q = 2leloq > |atfoq; and hence z ¢ @By (0, q).
However, since 0 < ¢ < r/2, it follows that 1/¢ > 2/r > 1/r; and hence
|2]l1/r =0 <7, s0 2z € B,[0,r].

Corollary 2.39. For allr > 0 in R, B,(0,r) is not bounded in (C, 7).

Remark 2.40. Since every p-normed space (with 0 < p < 1) is locally bounded,
we infer that there can be no p-norm (with 0 < p < 1) that induces the topology
Tw On C.

Using the results of Corollary 2.37 and Proposition 2.38 (or Corollary 2.39),
we readily obtain the following result.

Corollary 2.41. Let A be compact in (C,7,). Then A has an empty interior in
both (C,7,) and (C,Ty); that is

int,(A) = {a€A:Ir>0inR> B,(a,r) C A} =0, and

int,(A) = {a€A:Ir>0inR> By,(a,r) C A} =0.
Proposition 2.42. Let A C C be bounded in (C,7,). Then there exists M > 0
in R such that ||z||1p < M for all z € A; that is, A C B,[0, M].

Proof. Since A is bounded in (C,7,), A is absorbed by every zero-neighborhood
in (C,7,). In particular, A is absorbed by B, (0,r) for some fixed » > 0 in R.
Thus, there exists @ > 1 in R such that A C aB,(0,7). Hence ||z|1/» < ar for
all z € A. Let M = ar. Then M € Rand M > r > 0. Thus, 0 < 1/M < 1/r.
Moreover, for all z € A, we have that

1zlliae < Ml2llhyr < ar = M.
Hence A C B,[0, M]. .
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Remark 2.43. Proposition 2.38 shows that the converse of Proposition 2.42 is not
true.

Remark 2.44. Convergence of sequences and series in (R,7,), (R,7w), (C,7)
and (C,7,) has been studied in detail in [2, 14, 17]. In particular, it is shown
that (R, 7,) and (C, 7,) are Cauchy complete but (R, 7,,) and (C, 7,,) are not. For
example, the sequence (a,),en, Where a,, = Z?Zl d=7/j for each n € N, is Cauchy
in (R, 7,) (resp. in (C, 7)) but it does not converge in (R, 7,) (resp. in (C, 7))

3. ANALYSIS ON C

In this section we will define continuity and differentiability of a function from
A CC — C at apoint zg € A as well as on A. Then we will show that some basic
results from classical complex analysis work in C as well but other fundamental
results don’t work due to the total disconnectedness of (C,7,).

Definition 3.1. Let ACC, let f: A — C and let 2y € A be given. Then we say
that f is continuous at zy if for all € > 0 in R there exists 6 > 0 in R such that

z€Aand |z — 2| <0 =|f(2) — f(20)]| <e
Moreover, we say that f is continuous on A if f is continuous at every z € A.

Definition 3.2. Let A C C be open, let f : A — C and let z5 € A be given.
Then we say that f is differentiable at zy if there exists a number ¢ € C such that
for all ¢ > 0 in R there exists § > 0 in R such that

f(z) = f(20)

zeAand 0 < |z — 2| <6 =
zZ— 20

— &l <e.

If this is case, we call the number ¢ the derivative of f at zy and denote it by
f'(20).

Moreover, we say that f is differentiable on A if f is differentiable at every
z e A.

In the following, we will list basic results and rules about continuous and dif-
ferentiable functions at a point or on a set in C. We omit the proofs here as they
are identical to those of the respective results in C or in any other metric space.

e Let ACC,let f: A— Candlet 2y € A be given. Then f is continuous at
2o if and only if for any sequence (§,) in A that converges to zq in (C, 7,),
the sequence (f(&,)) converges to f(zp) in (C, 7).

o Let ACC,let f,g: A — C be continuous at zy € A (resp. on A), and
let @ € C be given. Then f+ag and f-g are continuous at zg (resp. on A).

e Let ABCC,let f: A— B be continuous at zp € A (resp. on A) and
g : B — C be continuous at f(zg) (resp. on B). Then g o f is continuous
at zo (resp. on A).
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e Let A C C be open and let f : A — C be differentiable at zy € A (resp.
on A). Then f is continuous at z, (resp. on A).

e Let A CC beopen, let f,g: A — C be differentiable at zyp € A (resp. on
A), and let o € C be given. Then f + «ag is differentiable at zy (resp. on
A), with derivative

(f +ag)(20) = f'(z)+ag ()
(resp. (f+ag)'(2) = [f'(2)+agd'(z) for all z € A).
e (Product Rule) Let A C C be open and let f,g: A — C be differentiable

at zo € A (resp. on A). Then f - g is differentiable at zy (resp. on A),
with derivative

(f-9)(20) = f'(20)9(z0) + f(20)9'(20)
(resp. (f-9)'(2) = [f(2)g9(2) + f(2)g'(2) for all z € A).
e (Chain Rule) Let A, B C C be open, let f : A — B be differentiable at

29 € A (resp. on A) and g : B — C be differentiable at f(z) (resp. on
B). Then g o f is differentiable at zy (resp. on A), with derivative

(9o f)(20) = 9'(f(20))f (20)
(resp. (g0 f)(2) = ¢(f(=))f(2) for all = € A),
e (Quotient Rule) Let A C C be open, let f,g: A — C be differentiable at
2o € A, and let g(z9) # 0. Then f/g is differentiable at 2o, with derivative

(i)’ (o) — £ 20)(20) = I o)y (o)

g) " g2 (=0) |

e (Differentiability and the Cauchy-Riemann Equations) Let A C C be open,
let f: A— C,andlet 29 € A be given. Let B = {(z,y) € R*: z+iy € A}
and write f(z) = U(z,y)+iV (z,y) for z = z+iy € A, with U,V : B — R.
If f is differentiable at zy = xg + 7y in A then the partial derivatives of
U(z,y) and V(z,y) exist at (o, yo) and they satisfy the Cauchy-Riemann
equations

oU ov oU ov
a—x(ﬂﬂoayo) = a—y(%,yo) and a—y(fﬁo,yo) = —a—x(l'o,yo)-

Conversely, if the Cauchy-Riemann equations hold and if U and V are
differentiable as functions from B C R? to R at (g, o), then f is differ-
entiable at zy, with derivative

, oU oV
f(z0) = %(1‘0’ Yo) + Z%(%? Yo)
oV oU

= a—y(iUm%) - ia—y(l‘myo)'

In the following, we give an example of a function that is single-valued and
infinitely often differentiable on the unit ball B,[0, 1] of (C, 7,) but whose Taylor
series around any point £ € B,[0, 1] does not converge to the function at any
z # £ Then we give another example of a function that is single-valued and
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differentiable on B, [0, 1] but not twice differentiable at 0. These two examples are
counterintuitive to what we are used to in classical Complex Analysis and indicate
that more work needs to be done in order to develop a complete Analysis on the
complex Levi-Civita field C. Ongoing research aims at overcoming the difficulties
arising from the total disconnectedness of (C,7,) and developing a meaningful
analysis theory on the field. In particular, we will work on developing a Cauchy-
like integration theory on C and then study under what conditions we can prove
analogues of the core results of classical Complex Analysis such as the Cauchy
Integral Theorem, the Cauchy Integral Formula and the Residue Theorem.

Example 3.3. Let g : B,[0,1] — C be given by

9(&)lg] = €lg/3] for all ¢ > 0 in Q.
Thus, given £ € B,[0, 1], we can write £ = ag + E;; a;jd%, with a; € C for j > 0
and 0 < q1 < g2 <---; then g (§) = ag + 72, a;d*s.
We show first that ¢ is (uniformly) differentiable on B, [0, 1] with ¢/(§) = 0 for
all £ € B,[0,1]. So let € > 0 in R be given. Let

0 = min{e, 1}.
Then § > 0 in R. Now let z,£ € B,[0, 1] be such that 0 < |z — £| < §. Then
6(2) — 9(6) = g(z — ) ~ (= — €)%, and hence |g(=) — g(6)] = |- — &[*
It follows that

‘9(2) —9(8) 0‘ _ lg(z) —g(&)|
z—§ |z — ¢
However, for all £ € B,[0, 1] and for z # £ in B,[0, 1], we have that

=lz—¢P<d<d<e

X ,40n)
NOED ke IR}

Example 3.4. Let f: B,[0,1] — C be given by

95 if 2 £ 0
f(z>_{ 0 ifz=0,

where g is the function of Example 3.3 above. Then

. f(h) . g(h) . g(h)
/ — —_ = —_ = —_— A~ .
'(0) }llur(l) A ’lllr% 32 0 since 32 h for 0 < |h| < 1

and

g(z
f'(z) = —% for z # 0
using the Quotient Rule and the fact that ¢'(z) = 0.
Even though f is single-valued and (continuously) differentiable on B, [0, 1], f
is not twice differentiable at 0 since
_f'h) = f0) o g(h)
TR = s
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does not exist. In fact, for h = Z;; a;d% witha; #0and 0 < ¢4 < g2 < -+~
(0 < |h|] < 1), we have that

P = FO) _ o) ad ol

= — ~

h h3 (arde + azd® 4 - - - )3 a?

has no limit as h — 0 (that is, as ¢ — 00.)
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