PHYS 3496 Sample Midterm Exam

Problem 1: Find the steady-state temperature T'(p, ¢) inside a circular
plate of radius e if the upper semicircular boundary is held at 100° and the
lower one at —100°.

Hints:
1. This is a two-dimensional problem; use Laplace’s Equation in polar

coordinates:
o*T 10T 1 6°T B

S T
502—+f730 p? 0¢?

with the boundary condition on the circle p = a:

T(a, ¢) = —-100° if —w <o <0
)T 1000 if0<g <
2. Two linearly independent solutions of the second order, linear ODE

172y” + a:y' . n2y =0

arey =z" and y =",

Problem 2: An electric dipole of moment p is located at the origin. The
dipole creates an electric potential at r given by

D(r) = p-r _ p-é
Adregrd  dmwegr?’

Show that the electric field E = —V1) at r is given by

3(p-&)é —p

E =
4dmegrs

Hints: 1. Without loss of generality, we may choose the z-axis to be the
axis of the dipole so that p = ppé.. Write both ¢ (r) and V in spherical polar
coordinates then compute E = —V1).
2. You may use:
é, = cosBé, — sin féy
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Problem 3: Consider the Chebyshev ODE:

(1 —2*)y" — zy’ +nPy = 0; -1<z<1.
- p1(@)
(a) Let w(z) := m%w) e 5@ % where po(z) =1 — 2% and py(z) = —x.

Show that w(z) =1/v1 — 2.

(b) Show that multiplying the ODE by w(z) = 1/v/1 — 22 puts it into a
self-adjoint form.

(c) Show that the Hermitian operator boundary condition
e *\/ = 1
[v po(z)u’ — (v )"po(x)u]_l =0
holds for polynomial solutions u and v of the Chebyshev ODE. Here

! (1-2%) =122

(d) The Chebyshev polynomials Ty(z), T1(z), T2(z), - - - are solutions of
the Chebyshev ODE that correspond to n = 0,1,2, -, respectively. Using
the results of parts (b) and (c) above, write down the orthogonality condition
for the Chebyshev polynomials.
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Sample Midterm, Problem 2
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Sample Midterm, Problem 3
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