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A sound wave travelling in water is scattered by a periodic assembly of air bubbles. The local structure matters even in
the low frequency regime. If the bubbles are arranged in a face-centered cubic (fcc) lattice, a total band gap opens near
the Minnaert resonance frequency. If they are arranged in the diamond structure, which one obtains by simply adding
a second bubble to the unit cell, one finds an additional branch with a negative slope (optical branch). For a single
specific frequency, the medium behaves as if its refractive index (relative to water) is exactly n = —1. We show that a
slab of this material can be used to design a three three-dimensional flat lens. We also report super-resolution focusing

in the near field of the slab and illustrate its potential for imaging in three dimensions.

I. INTRODUCTION

All classical wave phenomena are influenced by a single
quantity: the refractive index. In the late 1960s, the Russian
researcher Veselago wondered how an electromagnetic wave
would propagate if this index became negative!. He predicted
that, at the interface between a negative index material (NIM)
and a regular medium, negative refraction would occur. Three
decades later, the first experimental observation of a nega-
tive refractive index was performed for electromagnetic waves
in the microwave range”. In the previous year, Pendry® had
claimed that a slab made of a NIM of index n = —1 could be
turned into a perfect lens, without being subject to the diffrac-
tion limit. A quest for NIMs started in the early 2000s.

The main strategy to obtain these negative indices has in-
volved building artificial materials, namely metamaterials. In
the low frequency regime, wave propagation can be fully de-
scribed in terms of two macroscopically homogeneous effec-
tive parameters. For electromagnetic waves, the refractive
index is negative when both the effective permittivity* and
permeability>® are negative. For acoustic waves, the effective
density’ and compressibility® should be simultaneously nega-
tive. Most designs rely on the use of subwavelength resonant
scatterers, which may either be arranged in random or ordered
configurations. To achieve double negativity, one can tune the
effective parameters of the medium by exploiting the nature
of these resonances. For instance, in acoustics, a monopolar
resonance can lead to a negative compressibility while a dipo-
lar one gives a negative density. Combining these two types of
resonances has allowed”'? a negative index, or strictly speak-
ing a negative sound velocity, to be reached.

Interestingly, anomalous refraction, and notably a negative
one, had actually been observed earlier in another kind of ar-
tificial medium, namely the photonic/phononic crystal''="3.
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Note that these media can be either two-!"12 or three-3-1° di-
mensional. The refraction in this case is actually due to the
intrinsic periodic nature of these media, and can be seen as
a generalization of the diffraction orders of periodic gratings.
Indeed, due to the periodicity, the propagating eigensolutions
inside these media are Bloch waves, which are the superposi-
tion of many plane waves. They all share the same orientation
of the group velocity, which completely governs the refrac-
tion of beams. The implementation of this concept in a two-
dimensional phononic crystal'® has even reached the ultimate
case of all angles being refracted similarly, thus resembling
the case of an effective medium of index n = —1 . Focusing
below the diffraction limit was also demonstrated in this case
as a consequence of trapped slab modes!”-18.

In between metamaterials with randomly arranged scatter-
ers and phononic crystals resides a category of media that
we could call crystalline metamaterials'®2!. Indeed, close
to the resonance frequency of the scatterers introduced inside
a metamaterial, the effective wavelength can become as small
as the average separation distance between scatterers. Then,
the long wavelength approximation no longer applies and the
propagation is sensitive to the spatial structure of the medium.
This sensitivity to structure was a crucial aspect of the ob-
servation of negative refraction in two dimensional materials
in acoustics consisting of a honeycomb arrangement of soda

cans!®.

In this article, we exploit a similar strategy to design a three-
dimensional medium which exhibits all-angle negative refrac-
tion. The medium is made of underwater bubbles, which are
effective ultrasonic low-frequency resonant scatterers. Inter-
estingly, the appropriate three-dimensional crystalline struc-
ture turns out to be that of diamond, one of the natural crys-
tals of the carbon atom (analogous to the honeycomb struc-
ture in two dimensions). We verify numerically the negative
refraction of a beam as well as the focusing of a point source
by a flat lens. We also demonstrate its capabilities in terms
of subwavelength focusing. Note that the recent advances in
3D printed frames for the design of stable air bubble assem-
blies*>~2* make our proposal achievable in practice. Also, as
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FIG. 1. (a) Sketch picturing the super-cell of a face-centered cubic (fcc) lattice populated with air bubbles. (b) Corresponding unit-cell in the
fcc case (blue bubble) and in the diamond case (blue and brown bubbles). (c) First Brillouin zone for the fcc lattice. (d) Band structure for the
fce lattice (dashed blue lines) and diamond structure (black lines) computed with COMSOL Multiphysics by finding the eigenvalues for an
infinite crystal (periodic boundary conditions). The upper plot corresponds to a zoom in the 2850 to 2950 Hz frequency range, with the solid
grey horizontal line intersecting the optical branch of the diamond band structure at the frequency for which the n = —1 condition applies.

only monopolar scatterers and the specific periodicity are rel-
evant here, it makes the design adaptable to airborne acoustics
(with spherical Helmholtz resonators for instance) or even to
other kinds of waves (e.g. elastic waves).

Il. METAMATERIAL DESIGN

As indicated in the previous paragraph, the design of our
acoustic metamaterial is based on the acoustic resonance of
air bubbles. Indeed, the significant contrast in density and
in compressibility between the inclusion (air) and the host
medium (water) results in a monopolar resonance that oc-
curs at very low frequency: the so-called Minnaert reso-
nance?. For instance, the resonance of an air bubble of radius
r =1 mm is expected at f;, = 2890 Hz?%, which corresponds
to a wavelength in water of 52 cm (520 times the bubble ra-
dius). In this regime, the pressure field at resonance is roughly
homogeneous over the whole bubble surface and the acoustic
response can be considered as isotropic. When a plane wave
of unity amplitude impinges on such an air bubble, it gives
rise to a scattered spherical wave whose amplitude s(®) can
therefore be modelled by a complex Lorentzian function:
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Here, ky stands for the wavenumber of the initial incident
plane wave in bulk water and @, corresponds to the Min-
naert frequency. Note that this expression does not account

for viscous and thermal damping mechanisms, which will be
discussed later on.

When several bubbles coexist, multiple scattering effects
must be taken into account?’. Although there is no analytical
solution for this self-consistent problem, the calculation can
be computed thanks to the formalism introduced by Lax?8.
Technical details are available in a previous publication deal-
ing with multiple scattering of sound in a disordered bubbly
medium?. At low frequency, the propagation in such a multi-
ple scattering medium of bubbles is similar to the propagation
in a homogeneous medium described by effective parameters
which are essentially ruled by the scattering function s(®)
and the concentration of scatterers. In this article, instead of
a random cloud, we propose to position the bubbles (radius
r =1 mm) in a periodic fashion. We start off by arranging
them on the lattice sites of a face-centered cubic (fcc) lattice
[Fig. 1(a)], with a lattice constant of a = 11.8 cm (Note that
this means the sample is highly diluted since the correspond-
ing air volume fraction is ¢ = 0.001%). This crystal is ex-
pected to behave roughly isotropically since its Brillouin zone
is a fairly regular octahedron [see Fig.1(c)], a characteristic
that facilitated the first observation of a complete band gap in
three-dimensional phononic crystals®’. The eigenvalue prob-
lem is numerically solved in COMSOL considering the unit
cell drawn in Fig. 1(b) and applying periodic boundary con-
ditions on its edges. Following this procedure along the main
directions of the crystal, one obtains the band structure dis-
played in Fig. 1(d) (blue dashed lines). One can notice two
propagative bands (branches) separated by a complete band



gap that opens near the Minnaert frequency. As for the ran-
dom distribution of scatterers>”, the propagation could be de-
scribed in terms of an effective compressibility which is in-
fluenced by the resonance of the bubbles. The band gap cor-
responds to a negative compressibility while the flattening of
the dispersion relation for the lower branch corresponds to a
high compressibility.

One interesting feature can be seen for the branch just be-
low the bandgap, near the Minnaert frequency: it exhibits so-
lutions for wavenumbers at the edges of the first Brillouin
zone. This might seem surprising since, as pointed out ear-
lier, the wavelength in water is 52 cm (i.e., nearly 5 times the
lattice constant a). This indicates that, near this frequency, the
sound wave travels inside the crystal with a much smaller “‘ef-
fective” wavelength, suggesting that both the local and long
range spatial structure of the medium can influence the propa-
gation even in the very low frequency regime. Thus, judicious
modification of the crystal structure could be expected to have
a significant impact. We illustrate this effect by introducing
a second bubble into the primitive unit cell so that it contains
two identical scatterers with x,y, z coordinates 0,0,0 and },1,1
in units of the cubic cell parameter a. We hereby obtain the
diamond structure, for which the corresponding band struc-
ture is displayed in Fig. 1(d). One consequence of adding
the second bubble is that the nearest-neighbour spacing of the
bubbles is reduced, with each pair of bubbles in the unit cell
being separated by only 0.433a, compared with a separation
of 0.707a in the original fcc structure. While this increase
in the bubble concentration is responsible for small changes
in the band structure at low frequencies (e.g., the slope near
zero frequency is slightly smaller, due to a rather modest in-
crease in the effective compressibility of the diamond crystal),
by far the most significant change in the band structure is the
emergence of a new branch within the original fcc bandgap.
Interestingly, this branch features a negative slope and can be
regarded as a metamaterial equivalent of the optical branch
observed in the phonon dispersion relations of diatomic crys-
tals.

In addition to having a low-frequency negative branch,
which is associated with the existence of two bubbles in the
primitive unit cell, the metamaterial with the diamond struc-
ture has another notable feature, namely that propagation is
expected to be isotropic, or nearly so. Figure 2 indicates how
isotropic the behaviour actually is, and compares results for
diamond with those of the fcc structure. Starting from the
band structures of Fig. 1(d), the normal mode frequencies for
all branches and different directions are displayed in a single
dispersion graph as a function of the wavevector magnitude.
We find that all points for the different directions match up
very well, especially for wavevectors in the lower two thirds
of the Brillouin zone (k < 40 rad-m~'). Beyond the L point
(vertical red dashed line), which corresponds to the shortest
wavevector touching the Brillouin zone boundary, the spread
of wavevector values at a given frequency increases and the
propagation becomes anisotropic (there is even a gap in cer-
tain directions). But returning back to lower wavevectors
and focusing on the negative branch of the diamond structure
(solid black circles in Fig. 2), we note that the deviations from
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FIG. 2. Dispersion relations obtained by plotting all branches from
Fig. 1(d) in a single graph for which the frequencies are displayed
as a function of the magnitude of the wavevector for the different
directions in the Brillouin zone. Open symbols correspond to the
lower frequency branches (blue for fcc, black for diamond), whereas
solid black symbols depict the negative branch (only for diamond).
The almost vertical blue line shows the dispersion in pure water and
the red dashed line indicates the wavenumber magnitude at the L
point.

isotropy become less and less as the frequency increases, with
the deviations appearing to be negligible when the dispersion
curves cross the water line (solid blue line in Fig. 2). At the
crossing frequency (2929 Hz), the variation in the magnitude
of the wavevectors is less than 0.3%, so that the equifrequency
surface is essentially spherical and the propagation really is
for all practical purposes isotropic.

I1l.  RESULTS AND DISCUSSION
A. Negative refraction

For the optical branch, as we increase the frequency, the
radius of the isofrequency surface decreases, meaning that
this branch is associated with a negative refraction effect: an
obliquely incident wavevector is refracted through the crystal
interface with a negative angle. Here, we illustrate the nega-
tive refraction by shining a Gaussian beam?!, with width pa-
rameter Wy = 80 cm, towards the bubbly diamond metamate-
rial at an incident angle of 45° with respect to the normal at
the interface. Using the method explained in reference 29, we
compute the full solution to the multiple scattering problem
of the acoustic wave field inside the metamaterial when this
beam is incident on a slab of thickness 1.5y and width 114
containing 81,000 bubbles. (Here, Ay denotes the wavelength
in water.) In Fig. 3(a), we display the corresponding acoustic
energy map (in dB) at the frequency 2929 Hz. The incident
beam is mostly reflected at the first interface but the remain-
ing energy which enters the crystal is negatively refracted at
the two slab interfaces. It finally exits the slab with a spa-
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FIG. 3. Contour plots showing reflection and refraction of an
obliquely incident Gaussian beam on a slab of bubbly diamond. The
arrows indicate the propagation directions. (a) Normalized energy
(relative to that of the incident Gaussian beam at its midpoint on the
slab surface), with the colorbar indicating the energy scale in dB.
(b) Real part of the pressure field showing the wavefronts. The peak
value of the incident pressure at the sample surface is 1 Pa. Here,
Ao =51.2cm.

XNy

tial shift towards negative x values. The real part of the pres-
sure field, shown in Fig. 3(b), provides additional information.
First, looking at the wave-fronts’ orientation inside the crys-
tal, we find that the refraction angle is exactly opposite to the
incident angle, suggesting a phase velocity being the exact op-
posite of the water one. This is further confirmed by the fact
that the wavelengths inside and outside the crystal are equal at
this frequency. Nevertheless, we have to stress that the n = —1
condition is not accompanied by good impedance matching,
as shown by the significant reflection at the first interface.

B. Focusing of a point source

Since the original predictions of Veselago! and Pendry?,
n = —1 materials have been attracting much attention for the
possibilities they offer in terms of imaging. The seminal con-
figuration consists of a point source placed in front of a slab
with a n = —1 refractive index. The expectation is that all
wavevectors emitted by the source spontaneously converge
back to a single location on the other side of the slab. The
only requirement for the formation of an image on the far
side of the slab is that the source should not be located fur-
ther than the slab thickness away from the first slab’s inter-
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FIG. 4. (a) Map of the pressure field magnitude obtained when the
bubbly diamond slab is excited by a point source facing its upper
edge. This contour plot shows the magnitude of the acoustic pressure
field in Pa, with the pressure values being delineated in the colorbar.
At a frequency (2929 Hz) such that n = —1, the wave-vectors are
collected in phase at a conjugate location on the opposite slide of the
slab thus forming an image of the source. (b) Transverse profile of
the acoustic pressure magnitude at the focal spot, normalized to unity
at its peak (solid line), and comparison with an optimal diffraction-
limited focus (dashed line). Here, Ay = 51.2 cm.

face. Here, the point source is located just outside the slab,
in front of a bubble, with the distance from the source to the
bubble being approximately Ag/17. We numerically investi-
gate this configuration and observe the focusing effect through
the slab [see Fig. 4(a)] by again solving the multiple scattering
problem of wave transport inside the slab, this time resulting
from a point source excitation. To estimate the lateral resolu-
tion, the transverse profile at the focus is displayed as a solid
line in Fig. 4(b). In this case, the distance from the peak to
the first minimum, A/2, is 0.6, and the corresponding Full
Width at Half Maximum (FWHM) is 0.74¢. This is close to
the optimal value set by the Rayleigh criterion, which con-
siders diffraction-related limitations. It basically states that
wavevectors of magnitude higher than @/c (with ¢ being the
acoustic wave velocity) cannot be collected simply because
these waves are evanescent and cannot propagate in the uni-
form medium outside the slab, since they decrease exponen-
tially away from the source.

However, if the image of the point source is located in the
near field of the lens, the evanescent waves at these larger
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FIG. 5. (a) Map of the pressure field magnitude obtained when the
slab is excited by a point source facing its upper edge. This con-
tour plot shows the magnitude of the acoustic pressure field in Pa,
with the pressure values being delineated in the colorbar. At a fre-
quency (2917 Hz) such that n = —3.7, the wave-vectors are collected
in phase at a conjugate location on the opposite side of the slab, thus
forming an image of the source. Since the image is located in the
near field, evanescent wavevectors are involved in the image forma-
tion. (b) Transverse profile of the acoustic pressure magnitude at the
focal spot, normalized to unity at its peak (solid line), and compar-
ison with an optimal diffraction-limited focus (dashed line). Here,
Ao =51.4cm.

wavevectors are not eliminated by the need to propagate out
of the slab. As a consequence, the information they carry
can be collected at the focal point. In order to shift the focus
closer to the slab, one can simply increase the refractive
index of the metalens which, it turns out, can be done by
slightly lowering the frequency. For instance, at 2917 Hz the
refractive index is roughly n = —3.7 which sets the focus at
a distance Ap/10 from the bottom interface [see Fig. 5(a)].
Again, we display the transverse profile of the focal spot in
Fig. 5(b); the FWHM is 0.4A¢ and A/2 = 0.3, which beats
the lower limit predicted by the Rayleigh criterion.

C. Imaging in three dimensions

The focusing effect for a point source is just a step towards
demonstrating that the device is capable of imaging an ac-

tual extended object. Our bubbly metalens operates in three
dimensions. To highlight this specific attribute, we now use
the lens to image an extended source consisting of 92 inco-
herent individual point sources arranged to form the acronym
"3D" [see Fig. 6(a)]. The object is actually two-dimensional
and contained in the (x,z) plane. In order to demonstrate the
ability of the lens to image an object that extends over a three-
dimensional region of space near the lens, we simply tilt the
slab around the z-axis (by 18°). (This, of course, is equivalent
to keeping the lens fixed in position while rotating the object
by —18°.) Tilting the slab (or alternatively tilting the planar
object) amounts to breaking rotational invariance with respect
to the y-axis, thereby involving all three dimensions in the
imaging process. For the image shown in Fig. 6(a), the bubble
concentration in the slab was reduced by a factor of 4, thereby
extending the lateral width of the lens to enable a larger object
to be imaged without excessively impacting the computation
time. The frequency is 2910 Hz, which corresponds to n = —1
for this diluted concentration. After propagation through the
slab, an image that respects the shape, size and orientation
of the original object is created [Fig. 6(a)]. To illustrate the
depth of field of the image, two-dimensional cross sections of
the acoustic energy in equally spaced planes perpendicular to
the y-axis are displayed in Fig. 6(b).

D. The damping issue

So far, damping terms resulting from thermal and viscous
mechanisms have not been considered. As a consequence, it is
not obvious if similar results would be observed in a realistic
bubble slab. More specifically, with the chosen set of parame-
ters, these additional terms actually undermine the lensing ef-
fect because the field decays faster. As the characteristic decay
length becomes comparable to the slab width, fewer wavevec-
tors are collected at the location of the focus simply because
obliquely incident wavevectors cover a longer distance within
the slab before reaching the second interface. As a result
they undergo more scattering events and are hence more at-
tenuated than their normally incident counterparts. However,
there are concrete solutions to this limitation, allowing it to
be overcome. In a previous contribution reporting a negative
branch in a random set of pair-wise correlated bubbles, we
showed that increasing the bubble concentration was a means
of reducing attenuation in the frequency range of the negative
branch®?. Although we could not examine higher concentra-
tions here due to practical computation limitations, we expect
similar trends considering the strong analogy between the dia-
mond bi-periodic structure and the disordered pair-correlated
system.

Another possible way of reducing the overall dissipation
is to consider using bigger bubbles. Indeed both the thermal
and viscous damping terms weaken as the bubble radius is
increased®3. In practice, air bubbles in water that are much
larger than a millimeter in diameter cannot be considered, as
their shapes deviate from spherical. However, the trapping
technique recently developed by Harazi e al.3* allows much
bigger ranges of size to be explored, since the shape is then
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FIG. 6. (a) Imaging in three dimensions of an inclined extended planar object consisting of the letters 3D. The object is formed from 92 point
sources, each of which is identical to the ones in Figs. 4 and 5. The color scale denotes the acoustic energy in two planes passing through the
object and image, as well as at the visible edges of the metalens, with the colorbar indicating the relative energy (with respect to one of the
point sources) in dB. (b) Slices of the relative energy (in dB) in equally spaced planes perpendicular to the y-axis in (a), illustrating the depth

of field of the image.

set by a solid frame. Finally, one should keep in mind that
the Lorentzian formalism of Eq. (1) is quite universal among
scattering problems. As a result, our results are transferable to
other kinds of metamaterials. The only real requirement con-
cerns the scattering function which should remain isotropic.
Three-dimensional spherical Helmholtz resonators could be
envisaged as these objects tend to exhibit less loss.

IV. CONCLUSIONS

In this article, we demonstrate numerically that a bubble
assembly organized in the diamond structure constitutes an
effective three-dimensional acoustic flat metalens. The neg-
ative refractive index in the optical branch of this crystalline
metamaterial’s dispersion relation is a consequence of the
bi-periodic structure, and is highlighted by demonstrating
the anomalous refraction of an obliquely incident Gaussian
beam. The diamond structure consists of a fcc Bravais lattice
with a basis of two scatterers per unit cell. Just like the fcc
lattice, it is highly isotropic, as shown in Fig. 2: the refractive
index is essentially the same in all directions throughout a
large part of the Brillouin zone, with deviations from isotropy
only becoming clearly noticeable when the equifrequency
surfaces approach the zone boundary, which they do first at
the L points (where the Brillouin zone edges are closest to the
zone center). Isotropic propagation is a key feature to avoid
aberration effects, making the choice of the diamond structure
for this three-dimensional metalens an ideal one compared
with other crystalline structures that might be envisaged. We
demonstrate the lensing performances by presenting evidence
of the focusing of a single point source. The position of the
focus can be tuned by sweeping the frequencies. As the focus
moves into the near-field of the slab, the focus gets sharper
and eventually beats the Rayleigh criterion. This indicates
that the evanescent field then contributes to the image for-
mation so that the imaging resolution is not limited to half
the operating wavelength. Finally, imaging of an extended

object is demonstrated to illustrate the three-dimensional
possibilities.

Beyond the specific properties of this diamond structure,
there is an interesting physics point to make here. This study
should be regarded as a crystalline counterpart of our previ-
ous work on the consequences of introducing a spatial pair
correlation within a disordered assembly of monopolar res-
onators>2. In this previous paper, we considered pairs of
monopolar scatterers, separated by a fixed distance, that were
otherwise randomly distributed in the medium; the resulting
pair correlation was found to induce a statistically resilient
dipolar resonance. At the dipolar resonance frequency, the ef-
fective density and the effective refractive index both become
negative (the effective bulk modulus being negative is a conse-
quence of the monopolar resonance). In the diamond structure
metamaterial, the physics is intrinsically analogous. The bi-
periodicity due to the presence of two scatterers in the primi-
tive unit cell can be regarded as a way of introducing a dipolar
mode. However, since the observations could very well be
interpreted with strictly crystallographic arguments, no men-
tion was made previously in this article to such a dipolar mode
or to the effective density. This brings forward a fascinating
feature of the metamaterial regime. The intensive parameters
of the material can be dictated by the properties at the scale
of the basic building block of the structure (e.g., unit cell in
the crystalline case or nearest-neighbor separation for a ran-
dom distribution of bubble pairs) and essentially rely on two
aspects. The first is the nature of the inclusion (monopole,
dipole...) while the second is its spatial patterning (random,
pair-correlated, fcc, diamond...). This rather general state-
ment is illustrated here by the mechanism leading to a neg-
ative branch in the dispersion relation of two disparate struc-
tures built from bubble pairs: on the one hand we can consider
that the bubble pair is a single complex scatterer with two res-
onances that may be positioned randomly in the medium??,
while on the other hand we have a spatially relevant crys-
talline combination of two identical monopolar scatterers (the



description presented in this article). Thus, under certain cir-
cumstances, the macroscopic properties of metamaterials that
might normally be considered to be very different (e.g., dis-
ordered dispersions of complex scatterers versus perfectly or-
dered bi-periodic crystals) can end up being two facets of a
single phenomenon.
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