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April 27" 2017 Final Exam
COURSE NO.: PHYS 2380 EXAM: Quantum Physics 1
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Examiner: A. Rogers

Instructions:

- Answer all questions.

- Start each question on a new page.

- Show all of your steps in arriving at the solution. Do not just
state the answer. State your arguments clearly. Indicate any
assumptions that you make.

- Include a sentence or two at the end of each problem summariz-
ing your solution.

1.) Semi-classical dynamics (10 marks)

Suppose that a particle of mass m travels in a circular orbit around a massive center with a potential
given by V(r) = Cr? where C is a constant.

a.) Using the equations of circular motion, show that the total energy of such a particle must be given
by 2072.

b.) Use the Bohr postulate for quantization L = pr = mur = nh in combination with the answer to part
a to arrive at an expression for the energy associated with the allowed orbits in terms of the mass of the
particle, n, and the other constants.
2.) A mystery potential (12 marks)
The wavefunction that corresponds to some unknown potential V' (z) is given by
Pla) = A/ (1)
which is a solution of the Schrodinger equation with energy E = h?/2ma® (A and a are constants).

a.) What is the potential that the particle experiences?

b.) Does the result in part a correspond to any classical potential? If so, specify any constants the
potential depends on.



3.) Properties of the angular momentum operators (14 marks)

In this problem we will use the separable hydrogen wavefunction

Unim (T, 0, (b) = Rnl(r)glm(e)(bm(d)) (2)
a.) The azimuthal part of the separable hydrogen wavefunction satisfies the differential equation
1d°® 9

Solve this equation for ®(¢). With no barriers present, you may discard any reflected component. Show
that your solution is an eigenfunction of the z-component of the angular momentum operator L. ,, and find
the corresponding eigenvalue.

b.) The polar part of the hydrogen wavefunction obeys the differential equation

Siﬂ@(% <sin9d@lm> — m?Oyy, + (1 + 1) sin® 60, = 0. (4)

Let the squared angular momentum operator Lgp operate on the separable wavefunction. Use the DE above,
and the solution from part a to show that the separable hydrogen wavefunction v, is an eigenfunction of

L?)p, and find the corresponding eigenvalue. Hint: You do not need to explicitly solve the DE above for ©p,
to complete this problem.

4.) The barrier potential (20 marks)

A particle is incident from the left on a potential barrier shown in figure 1.

a.) Write down the most general forms for the “space-part” of the wave function for a particle with
energy E = 9Vp (where V; is a constant) in region 1 (z < 0), region 2 (0 < = < a) and region 3 (z > a).
Note that you do not have to derive these wavefunctions! Just write them down.

b.) Provide expressions for the wave number k in each region (you may find it helpful to express the
wave numbers as multiples of the wave number in region 1).

c.) Identify the forward and reflected components of the propagating wave functions. Are any of these
terms obviously zero?

d.) What are the corresponding “time-parts” of the wave function in each region?

e.) Apply the boundary conditions required, at = 0 and 2 = a to arrive at 4 equations that relate the
amplitudes of the component waves.

f.) Solve the equations from part e to express the amplitude of the component waves in terms of the
amplitude of the wave function in region 3 (z > a).

g.) Use the wave function in region 3 to calculate the probability current entering this region. Does any
probability flow through the barrier?
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Figure 1: The potential barrier used in problem 4.

5.) The hydrogen atom (20 marks)

a.) What are the quantum numbers for the stationary states of the hydrogen atom? What values can
these quantum numbers assume?

b.) What physical properties are associated with each quantum number?
c.) Normalize the spherical harmonic state with [ = 2, m = —1 (given on the formula sheet).

d.) Using the n = 3, I = 2 radial wavefunction from the formula sheet, write the radial probability
density and find the position where the probability density is a maximum.

e.) Using the probability density from part d, find the normalization constant of the n = 3, [ = 2 radial
wavefunction.

f.) For the n = 3, | = 2 state, draw a figure showing all possible orientations of the angular momentum
vector L, and indicate the configuration of the m = —1 state.

g.) What is the smallest angle that L can make with respect to the z-axis? Indicate this on the figure
and calculate this angle.

THE END!



Physical Constant

Standard Value

Alternative Units

Speed of light

c=2.998 x 108 m/s

Electron charge

e=1.602 x 1071 C

Boltzmann constant

ki = 1.381 x 10~ 2 J/K

8.617 x 10 ° eV/K

Planck’s constant

h=6.626 x 1073% J.s

4.136 x 10~ eV.s

h=1.055 x 10~3* J.s

6.582 x 10716 eV.s

Avogadro’s number

N4 = 6.022 x 10?2 mol

Stefan-Boltzmann constant

o =567x10° W /mZK*

Electron mass

me = 9.11 x 10731 kg

0.511 MeV /c?

Proton mass

my, = 1.673 x 107" kg

938.3 MeV /2

Neutron mass

my = 1.675 x 10727 kg

939.6 MeV /c?

Mass of the Sun

Bohr radius

ag = 4megh? /mee? = 0.0529 nm

Hydrogen ionization energy

13.6 eV

Coulomb constant

L — 8988 x 10 N.m?/C?

4meq

The wave functions of hydrogen-like atoms are

wnlm (T7 97 (rb) = Rnl (T)E/Zm(aa ¢)

with spherical harmonics

Yim (0, ) = O (0) i (9).

Radial Wave Functions with arbitrary constants A,,;:

Rio(r) = Ajge™ "/

— _ ") omr/2a0
Rzo(?") AQO (1 2a0> e

Ry (r) = Ao (;) e~ "/2a0

0

Rao(r) = Ago (1 -2~ — 2.0 v/
SONT) T 80 3ag  27a2

r
= Agy (1= — ) e7/3a0
Rgl(r) 31 < 6a0> e

2
r
Rsy(r) = As» () e /3
ao
For normalized spherical harmonics, the radial probability density is:

P(r) = r*R*,Ry

Spherical Harmonics with arbitrary constants Byy,:
Y10 = Bygcosf
Y11 = By sinfe’®
Yi_1 = By_;sinfe”
Y = Bag (3cos? 6 — 1)
Y51 = Ba sin @ cos fe'?
Ys_1 = Bo_1 sinf cos e
Ya9 = Basg sin® 0e?'?

}/272 = BQ,Q sin2 96_2i¢



Equations:

Photons:
AV =¢

E=hv= CPphoton

h
Pphoton = X

Blackbody radiation
I=oT*
AmT = 2.898mK

8mhe 1
u(d) = N5 ghe/3eT _
&

R() = Ju())
dI = R(\)dA

Mechanics:
Force - Potential relationship:
dV(x)

= _27\7
dzr

Centripetal force:

mv2

F="
-

Classical angular momentum:

L=7rxp=rpsind = mvrsinf

where 6 is the angle between the position and momentum vectors.

Relativistic total energy
E? = p*c® + m2c?
Relativistic kinetic energy
Ey, = E —mdc®

Morse potential:
2
V(z)=C (1 - ea@ﬂﬂ))
Simple harmonic oscillator potential:
1
V(z) = 50332 = 2m?my?a?
with frequency of oscillation

1 /C
V= —\—
2tV m

Coulomb potential:

—Ze? 1
Vir)= ==

dmeg T

Yukawa potential:




Wave-particle relations:

De Broglie wavelength

A=
p

Heisenberg Uncertainty Principle
h
Ap,Ax > 5

AEAt > g

Wave packets:

Momentum:
h
=—=hk
P=X
Kinetic energy:

p2 _ h2k2 _

2m  2m
Group velocity:
_ dw
~ dk
Phase velocity:

Vg

Schrodinger equation:
B ﬁ 0%V (z,1)

5 B2 +V(z,t)¥(z,t) =ih

Time independent Schrédinger equation:

B2 d*p(x)
Tom Al + V(x)p(z) = EY(x)
Bohr model energy levels:
uZ%et 1 13.622
Ey=—-—F—ms—5=—"—7—¢
2(4mep)?h? n? n?
Probability current:

ih [ ov 8\1/*}

Ur— —

Angular momentum operators:

2 _ | L O (o0, L O
Lop=—h Lin&&‘@ 055 )+ snZe 007
;)
Lz7op:—’l/h%

Trig identities:

cos(aw £ ) = cosacos B Fsinasin
sin(a + ) = sinacos 8 + cos acos 8

sin(2a) = 2sin a cos «

v

82

OV (x,t)
ot

|

(40)



1 — cos(2a)

sin?(a) = 5
1 2
cos2(a) = 1t cosi2a) C;S( a)

e'“ = cosa + isina

e/LO/, + e—za
cosog = ———
2
) o e 27
sina = -
21
cosha =
2
« —Q
. e e
sinh o =
2

Useful integrals:

/ e dr = /7

oo
/ 22" dr = ﬁ
- 2
oo
4 —z2 3 n
der = ——
/_Oox e x 5

a

@ 1
/ sinz coszdr = = sin? z
0 2 0

a

@ 1
/ cos® xdx = 3 sin x (cos2 T + 2)
0

0
a 1 a
/ sin® zdz = — = cosz (sin® z + 2)
0 3 0
a 1 2\ |*
/ sin® z cos® xdx = —= cos® x [ sin?z + =
0 5 3/
a con+1 a
. sin T
/ sin" z cosxdr = ————
0 n—+1 0
with n > 0.
a n+1 a
. cos T
/ cos" xsinzdr = ———
0 n+1 |,
with n > 0.

(72)



